UL = CLUSTERING

In machine keami«% ; unm{;erm‘zd learum (ML\) AL
ok desq}joang hidden Pa,Hems in dada . The dreinin &\aW\PIQ
oé:{x, M-xﬁcomsisko labeled data d

1) Xn 8 unlabe e ata , as Oﬂoose
o sm]pemlseck (_earr\w\za (SO \:)(o‘o‘,ems / ,E;r el ra,brs (e /t&;)
are oEseNeA/ and  wohose c(er is the rrzd)lﬁoﬂ ogw%_
e varable % “The +o~sKS03 an UL t;roblem can bo_
65 a very. AiVecont rw&waj and. include. dusterin i AdimenSien
redudion an o{en.&iié eshimation . Becanse of Hhe abrence of
o ngFonSe var aole | Hhre olua,Q»ta eg e redld v Voﬂa,
kaa‘zd\',(\rc/ and- rendds n o lrwua;z, amoont eé methoda  ande
mQGGO(:‘H/\MS

X CIUS"’efif\% \T-\'\e CLQ [5S +D Faf‘lﬁ t:on -H?\e clc,\ka iV\+’0 AAS‘W\CA_
(?f(w‘os‘ Obser\/:};om wiHin eada (drfmf Sonld be similar

n Som€ enie .
E_)( . Idenh ouv oé? le (,u\/\o-lewd +o ‘ou;a ami lar ochu,‘h
e I(lev\‘\iﬁg' j:e&tj LAT‘Q\.FQZF‘;F'W\U 2 ae cTrm\'er \/\(J:éeV\L%PrGJL
o Fa&ha&ar W o(f e -
« In socal nedwork anabu ) ]cler\ﬁ%a rrvenn Ko oot
/Q.Ofcbﬁ 06\0«10_( ° IY\DULVT LLQA -
6} ool T
Also Prou.dis

=

a reduwd - //y\ \W / )f )f .

re pee sentalion v L L * %
Hre f & Y

ety = D

Sekof oints w&ohm o one Juster,

x Dimension redudion . The doedbive hew i to Frod'eob @
e daka into Lower dimen<ional Sfau/l, \Qe&fw% ao wudh
an ‘:\9\51\0\6, ‘W\Q shvudive w H’/\Q cloJ:& <ﬂm{_ lcog} Yoo
et m%m\afﬁor\s . USL%WQ th x e m o
dimens;onad srwu,e, . Dimension redudon +cc\/m1c1wux can be.
wed @y well | daker \/lXVu.,CizaiLbn) or as a F(Q —JOIOCWB,
<k o SL task. Usaal tecdhnigques  am lud e

Prirspal  Component Ambyps (PCAY andits variants |

X
% *
& X
F oy
* " .
o *
%
R

“— ok
PR Jake Soe

x Deast shmakion  Observations e assvmed
bo e drawin {mm an  unkinoon F(o\m)o}&ha dastvbudion
Px ’ ot dﬁﬂi@)fb s CThe objedive to come wp w ¥ an
2shma ke og j[ T low - dimensionad amaéd} Heere 2xishs
many non- Fafamém‘c Jrzcl/\n?alwzx Hhak \w}imv\ el

The deas M zshmake
an Hen Tl wed

" X~ dustecng : Yox

it
ome Hhezshold
/\\/ (S:\ {;e: rhle‘: ) ;

v\.W\.\/vl
LATA LA

7 and "\DL"[: pants

J‘“)‘%“ i e

| |
L’% (\_7/‘ &L\s‘.hj eshimate s
B Joders aoove” e

‘Wh’ib \/\o\ o~ .




T . K- MEANS CLUSTERIN G ©)
T 4 e "basie * B~sndun alqor}‘Hnm
v

The (aoaQ s o discover slmR\ar@HJzS n He daka . To do &o/ we-
Farb'bior\ datz inho dishnde oﬁrou.rg) o Hak cbservations withm a
CE(O»LF are Simi lar in Some senje -
N e pegd, o podthomalicad de&or(r)hb«\ cg sim.lar{%a _
Tor iM’fame, o A cloder s mda Hak Hie
wiHmn _cluster variabion s small: points are

clote {‘OC)LH)'\QF < eadn !Dol\nJr o§ e cduster is

cloger o’ He conter Of He cluster Han it is
X to the wnber of other dlusters .
\ + = Nohon 0£ destance &
.//X Cen{'eyx

(gv‘{q\#i * * % / / .\7‘

\ 2"

o T—>

(;e/\fer #2_
/ %
X b 4

X SQueral quesHa\& anse
@ Whidh distance to we i

clucters do we want ?

QA) HQA) man

() Do we want tv nsider a F@Lmb.bs\\‘c aﬂm&c& 7

x Tocsble answers - )
® I& e doda 18 numerica\) e lies n e Euu,lldeam Sface |(2/
one \':j‘)ka“ca uses %3 Ez Euclidoan dJSW%/ AC%M

\

A\
o XZ(},%)\: ( i;(xc—%;) ) , x=(uy—, xd) e

o=y Ny 4= Wy a)

A\’f@m&m@% 0% o st e L, - Mavhalfan dictance , @
3 (X,ud) = \_Z\lc—v(}L = = 94 \\1 .

W) The number K crg cluskers RO B ey not be %‘xeci "N
advance , rzmjdxvia N (,C_%@erem‘} a|ﬂof] ms
—- K %&xed (l( means / Gaussian W\'theg)
The choice 0} ‘{'E\Q \/’o\{w@ og K s Pro\o\emaifc =
. We ?(.’or koo IQA%Q , ‘.X anailablo
. Run Hhe dgormthm on dadec cortta several values af K.
—» K \/aria‘o’e_ < Hierarchical c\us’rerma_)
Qu) No\—F(olz:a)ox‘iS\'fc aﬁ){bad’/x —> K— mean §
Probalo liske oWoad/\ - Goussian Mixhees Model

More %‘YN“‘@/ He K- means o‘;’ﬁmiza)ﬁb\ tydo\em can be stated as

So[\ows d
4

.‘i\r\&: . o‘é\:{w,.-/’xn} :‘\Ya.mw\ca Szm\f\e x €R
° K = num\oerqg clud’e.r.&

° %ﬁt:' Sp}‘yg FO\V‘R MC‘[RA(M“_CLLN/;‘%_ ,v.xa(:\{\aff(
,o,\emerﬁ’S A
M:{m\,.,.}mK} m; €IR

Oll(& H\Q ceﬂ)ﬁox‘ d& / Fro\-o)ty FQJ

. (st &Otm?- Minnize the %hljosk (over M/ 7t>

K n 5
COO(M} 7f> = IQ% = Wik “ Al -~ Mig \\7_ ,
e
o 4 \g oot \:e\or\ca o k-th closte
ek = { 0 o¥herwig .

\

N A dicedt exhaushue seacch is cow\PwJﬂDM\hﬂr Prol/\'i[olﬁr‘?_




Remarks = GY) As menoned mrveief) el m@la ot dar Mnskead @
He /Q, - dXS‘J;CU’\CL/ andk congfder

» B wehae asingle duster (K=1) | Hhe coct

Jundion rduces to Co(m) = S e N
B|(M): Z ZTCL\Q“')LC—M\Q“:L = S LTI \ P
k=, =t W&AJ\/\ S Mt mied /J%r {Y\\l - é e = =

) Net & convex @Pﬁ}v\]zahbn olem = exiskence ((,{W ) N n = | :

W\W\ka docald  minina. = a\céor"&\nm(s) i\ be 2 - cos / e minium  ocaurs at He median «ra@u&)
senc i to inihaltzaduon - We can KXF(L@JF% O]MI&%& e e codt incred L"a,
) ' \ B
() The dofective citerion oy be rewiten Se\edﬁNa anodher veldue %-eg,% @nlroid Wsted 0@4’9«2 ofaﬁrmﬁ x
N a
Al envé(‘& L;a d,a%\nhva qﬁmq\ly clusters ac ,V% € R &(z) = Go(x) +nllz-%X “'t
(
(fk = {3& €L, \ | x —mk\\t < Ve -y \\; Y Frobal liskc proof : foke XERZ: P T
! ' N G\R =
h-H’l c,lus\'e/(\ Q \Vla + k ‘} o § 12 ve ko
= St of points | i Ee , Elx-EX\ + I2-EX\
&XP " Lo - w\ e (¢={e,.., ex}) - EIXIE ¢ XN\ - 2 <EX, EX>
Hhan any other m |
6 4 /ij;< A 2 = —2< 2, Ex> + MEX\W
M )= S 2 Wxe-meh S EXI+ 12 - 2 <2, EX>
le=1 X-L'élfk
e

Q‘U') Fixed values o

™y M

- EIX-=*
induce a VORONO\ Toke P(X=xc1&)= Yo = W‘\r‘.mQ Aishilation
PARTITION o—S (Rq/ e a Afawm[)ox%b'on u£ e§ sam?le ARn . Then

R info K owvex cells Vij- -, Vi and He

Elx-21 = o 2\\xc—2\\.} = o' Goz)
}{—W Cluéﬁr €k is swchh ‘l’ewt €kc Vk~

E|x-BX\ = o 2_ X -R N = o' Go (X)
i L
EX = n" % X,
fe- EXP =02 -2\

—» Ig K22, ve \owcud Heatii:  Eadn deakion welves

1WO &"@f&l cong:fvamiina_ to sSucce ssive. o '\:Lm'rzwbﬁons 0&7 %exc
antords and He cluskors .

¢ A
. (fkc\/k:— Subset o«S R

kmwn, a&s-‘cy/» v te & mru':)wung bo He losot
— k-t Voreno cQ”- (-U\\Yoicl :

o The secrd &ltf; is slrmz%(/\f ok one. Hae cer\l'\rofo(s are.




o Onee W\e S \(\a\n& o \u)oe/Q (()0(\'12.5 nding o '-7
tuster az&oca/b,ons , He wnbveid ufd;r;t .1/?j aloo O
A}mica\/\*%ward : W(‘Qm-l—ew?\a bebaves ao an Hhe case
ogm/\vxgﬂl; duster sl F% u«\oc\cdl the Fobb’om B*(gjfeuz.
wnbvoid in tach duster to be te mean (o meo(x‘an\
value % He bservationg %@o% to thak luster .

K- MEANS AL GORITHM

o T haladion S%P - Soleck K Fm\n\—s m(‘o)l y m,io\ as
ini hal enboids

. QQEQCLJC 7&){’ L= O/ ', 2/ o (UV\{;»Q &,,\&m*ou onm‘f Cl/‘qam?g\)

, Torm K clusters assignuig 2adh pointto i
close st wentord ‘“’() %)Wg F’)

Ror kel K,
C(\fm = {x& £, whote closest anbvoid i m&) }

. ﬁeoomi:wba e canbvoid «>§ sach Jueter
To- k:)) — K,

(241) I AL
m - —
R ( (e+)
léﬂ)l 'XL'G@ZH
M%) ) ) (QH)
| ) | = # dservalins n €

Claion: Each trecation eg e K- means kﬁfriﬂ'\m e A
e value ng Be sk &(M) .

Toded, bt 9= {€7, Pl = clusters o
(£) 173 ) L at A-Hn dealie
M = { ml Ry mK = wnters

W
é)( M(l)/ e(() ) _ L-Z- Z A xe ’m(lf) \\Z‘

=1 Wl

ot ak iteambion £ s -

xS+eE q - M(u is %xuij el ass?czg-y\ eadn FOM +v iks
closest wnboid on M@ Tha

&(P,'(z)j Cum) < (‘f(Mw/ g(u)

x Step 20 Re—unater cadh duoker . TH follors from Hhe
—— 2wk og, fa%,z 6 Hak % f“
&( N(,w)/ 6(2;4)) r & ( M(U} C(sz) )
sine. M@ s DAJObe/YMQ Xir“’,\e, cuments
thhm £
/ﬂ‘\z (,o&tak &Emiw n ﬂ*H 1y “H}J-va wo f,q,\?u '\’B\a«%@wﬂ‘wt
keakion X .

‘ &fo”ara - The K-meaans a\af(\‘%m convergs to a Aowd miniomum .

L’ Thew is o %\'nijra nuvber 92? Wi fa(w&,;g e
Fom’rs p cah with an orﬁmae wuﬁ a(f F{awng the
enfers (mean value) = Hhee i a ;€,‘m‘+a number of
POS\H& \/oLluei ‘}’e‘é ﬁhl th - Sne ‘\‘9\& K-means
algorthm dewehses Hhe vatua o Be cost ak tacdk
kersfion . i will ()oﬂv&r?z wﬁ/ﬁer a ,J'(\nﬁe numbse

steps | Hhak is whea ne re-assignmenk of ebsecuakient

(,){(I el w o decrease e cest  When nwo —veamun -

menk Yake F(a(.e, /W\e mpfwnjrwbvu are alfe w\c/\/\aml/.u(.

T ssaes O(f He K-means aEq{or{H/wv\.
@ Choosing nihal ce“n‘{'Yoi,J-S‘

Ig randem i halizakion (l.Q. <eleck um_%m%s K lxgm‘rr oot
dg n \ wntvoids s wed AL@{Z&(@««‘L runs U(f He

o&g,gr]H«M will P(oobuuz_ dg{&u@n\’ a/{":u,k/ oot




A flerent total costs . A com
on Oa(ﬁ\ s o se N
solalion with the semallest Lojt-ofpf ! seleck 4o @ dDSzNa,hm: star w Ao mibhal conlvoids !Der FW'Y Of
dustes giel ig ~
@ szvemhy\c on e dadesek , ande 0% Aomoer O% T M;::Z:a Ldf{:ie'dr ab OQM*‘:’S/ orthila rg ‘{"?/\&a arse
Ou \ . SVL 7Y, SR LAVL o ) & | n
SRt T mady work: very et one  and one true " cluster @ ; \(; ‘ ‘Q::JVWS R
Tndead, concdlec the followig date sek / | pr e
N : Mo ldada ) w“&*’\'\ﬂ °g — For ‘H:A& ‘/f— means a\obof}—\—hm Ho werk wa\\} hau im() e 1okl
N E’O o © &4 clusters Cevx‘}‘(o.& n MOPA oQ-UL&{’e/‘ (Or/ n ou FLV(O\).\ Qxan«/g}e L onein
A oa 0° ﬂ acn W\) $oa A ini Fallzadkion. ch&mf/ as K
g obxbk /ea"z;)er/ Haie becomes .ncreas{ra&a uml{Ke_% .
Vv <« i v
0 0 v —n\L\h)E— Aown oS vadadef -W\Z cade o(f )’( ‘ectuau < zed u\u&‘\'&(& / au L\auhg
| /v " YV gi;\v;;: ‘1[& Ai;z fo e same number n oé’ observakions cluster . The
U zz%«\/; ;_\_ a,\(_s P(o\oodo\& OS Se\eubﬁn n o Sample of size K one
. o - % Fa& ‘ ‘n[ko\_\ (.QV\*YO.US[ m laclr\ clusl'er iS ( a-SSUfYWV\\Ca,_SWV‘F”'g
(nsider hwo l(\lkd-\l’z/o\/t!bﬁ (racked as x ) 2 ww\‘parg cwth rp,'_—,la(,emeﬂt\
N\
/ \ #w‘wjj §e(ec4ﬂn8 one caw{vdcl }fam zac’n c ur‘ef‘ _ K! r\K : _K——,
Ly NG o 4 way selec’n"ng K coatroids (nK)* kK
255", "l %5 G r ke, s dalilily & 5 0.094 . Nwedy ooy
" : small !
’ AIZ:AAE AAADAG a O°°°v;6 = Ofber caches o vaed inthalizakion . One &P@x‘oau[‘/\
e o o nu%. ° Ovvy is ‘\‘{) ‘(3\' Se\ec)c o N\‘\' ak rcu\c;Om M 5€n/ and %V‘
’ oo e Larthed away, point from Jaws of Hho alrea
(a) Iteration 1. (b) Tteration 1. 5;_\1(/*72’6{ AR | (_W\&\(o;;? ra /F’O(Y\ Mt) 05 AJa.
a AAAA a AAAA °o R @.Po.\nh are wo,“ SeForaJl’azl
i O © - Brprse pasle
i = °8 5 M(u/) Sele(_,"' OU‘H,(&Kﬁ (a«%f W"‘ P-O‘W‘T in dense
A ah D 2gaons
Y oW | TR Y s oK jus ocadure 4
AAAAA DDDDU vszny QI*SOK'60¥QW‘8MP(('EM€% ac |
° Ve ray\A,o/Y\ SAW\AQ’Q oj ))oM‘)’.S oM {,\ £ Fol‘(\‘\'S n
? (c) Iteration 3. { (d) Iteration 3. 0{[24/\5@ aree§ e (A‘Q +‘7 l’x a(,C.L(A'eA} and
’rm\cluﬂe(s e heta 7 ]\%h26 o .. OQ/V\PA?}'M:{AOV\ is 6}(@&% edued -
ki ik @) e {;M A%\”}G well S‘ZF@‘{LLL’CL m‘“—) shll P@CLMUL {)(,Df(/j seledad (,Q"’\)Vaﬂ




2 runs OZY He K- means

Howau@{" He second cun

AAA
Trihal points okt
ae wall  —> e
So/‘)omﬁzﬁ\ , L oo ’
bt K-means e 8o o

rehwns o Su)oo\;ﬁmaj K i
Soltk!\im

Takhdl wnhaords
bel fo ow —>
c[uﬂ’er $ ot

(,[05""&6

are %w\d :

(a) Iteration 1.

IV\AQD—A/ (X)!\SIM ‘I’Ee %%wvﬁa _q.s(aw\f)le_' % c[u&‘l’@f! /

Tot ) = inihal cenboids are
:[N‘Jf H*+2 = m\"h‘as an\'foidj are  Lutn

OKL7CV¢+6\M are considered .

oM A &h«%k’ custer
dishilated .

He  algorthm returns a &J%Fhw\

olukion Y, oomfareA o Hre %\»d’ niladi2etien 7

a s a2 S
a
N A a
& AA A B A Ap p & a ‘A N
a taf a s ° A§A
[ & aAbpa a o A NPT W
o a o ) o o4
3 oo 0% o 009.8 0000 S apan®
o ofo & o 0 § o ©% &
° o o o o
o
a o o o a o
of of og 2 00
o o o
ooy B2 2020 + S82 0% + 553
: S
o o o
(b) Iteration 2. (c) Iteration 3. (d) Iteration 4.

= 5 94,00 389 0500 . o o 3
&%’U Lf' |“'€0’aﬁ30§, n;: oQo Sho og:go unu gg:o Dd% Qﬁo
e 3

(b) Iteration 2. (c) Iteration 3. (d) Iteration 4.

®

Tastkead an' se\ec“w\a PO\Y\\S

%\A%%z&+£d bga, A\’H’M,L( N

M:{x}(.

coun malke +B»e, P(ouzdbu’e rundom . This

% wn e K-meANVS

M are %a(%&& a,uftua_ , e
(OCLJ/"\OUM
\/A;L&S\QVI{'.&KH (200%\ ) aV\(L

++ oL\Lboin"'L\m .

\“Firsjf, Picl(a Fa\m‘ x €&, akrcu\éom) and gk

N Celedk vavxo—“/\‘ex rO\V\:\' ak rcmdom) wiHh f)robg)o‘.glta
?fororw to mvzv[\\//\l N> - 'rY\\\Z_ ; xépﬁ\ /ay\d
ek M« My {x} ;

\ RG‘PQa,k, EB\Q F(o&durf; ULV\)CLQ/ K FpM+J are SQIQ(/"QQL.

P\LK Hhis one. -
i X X

| @ ¥ x_/—-—-—-""( X__,/x/*

. \\\ ™

i X %

% \/x

" X

e X

1\

Pick this oe

e ietber auiy, o mire il o
Fomjr x E&n (:Tf be selecked -
Th aou,(,bbr\) Bece 1 (ome Haeorelical acartee. ok
Bo 'orouzﬁLUJf retwras  wikal w\&‘foids w an inihal
txt wot Eoc%.ra/waa *F'um e oFbmwQ cost .
'—WWXY\ =
Lk » M = inhal wntvoids returned loxa#\a R-means ++
o_\jo(}Hnm/w.W\ assodaked cost Eo(M))

. M¥ . orﬁmal MOialk/ wlbn amociated cast G(M¥).

Then
rg{zjo(m} < o(lo%K\x&(M*) ,

whece E(\ i« taken over -l—e\e, (‘cw\AOrvxr\e&S " -R)/\Q_
'\v\i\‘\\ahz@bﬂ F(g(_eo{upeA

'\WL 2 onb, Ology, K o opomal
o ol Ol 1) ey for e 7

oesk




QQ :ij/{;f\ﬂ with erg}pﬂu clusters -

TH mawy happens Jhak e - o for some & ke, shicl

)s F(oL_)Lev’Y\D\}-&C, O\)Q can :

« Choose o point Rarthet and  allocate it o
tfh(u . This il\ redunce m\ue wsk punely -
o Fnd e cluster with e highest cost L, and s Ltk
i Awe . This will Jfka??calla ceduce the total cost .
© Pesena og ot Lies

The /QZ-YY\O_’*Y;(, O{\\ms oo oudn weight to ootliecs
urfaidh rwua Mffuaﬂa increay e total cost |, anolHhe
chosen anbvoi ds ot e as rp,})(zuvx‘}ahilé as w”a,

S\/\D\)lo\ b{- LJ/Ou f wye —"e\_g' /Ql ma‘}Yl‘c msf&ow(/
or eliminake ootliens lxgore lhand -

(0{) T\f\e Kv meanS a\ {-\‘H/\M \(\M ’\You,\o\e AQ\L&M‘(’) J{(’x\e_
Le ! clodters when Hraee closter have @ non-
sr\'\eﬁcaL slf\a'[:z , o are o£ lrzrad; £ew\n‘ SneA

N e bal) indued by Hhe £y mefric -

T 2. VariaGons c)‘jf K- means.

@) B'Lsechnq K-means : a simple vaviand o He oainal K- means
alaoe: ¥ﬁm , ohida 5 les semsifive  fo iniheli 2zation . The idea
is o wxxhoct He K Juskes e s s stk b»b sr)\]“\\rva/
He ddawk wWotwe clughers y Hen select one og Rose clushers
to 5‘26.‘6 " Jﬁ,vo) and. rLPeak/ wkl K dosters ae I,YOAOLLLAA

The cd[amu’m'\ is F{ew&ut on He next pege

Thee are ddierent o b MKMMURSFHMR e
—Dwg/ﬁio’r %W/flar ek one .

- Seleck Hwe one with He larok)gs\’ cost
o A tombation o'g sie ard cost oo /-

®

BISECTIN & K-mEANS @

. In}HgL\}Zahor\ S.erlp'. o{: Qu‘\' og J‘,uﬁe,r; (,on*‘cu,rwf\:a O’W{Sa e
clogter cmjraiuwﬂta all Aaka ?DWI-

o Keﬁeak wnkil £ contaias K dusters
x Seleck & clus’rcr%'m\ He Lisk (@it C)/ emoue H’fd}'\
x_@_ i= 1 4o Nom\oarog‘rr}a\s )

Risect C us\lma K- means <W‘+L\ K:ZB

>

End

geée& Jr‘b\z ’\'\/uo clusjrers /}rmn ‘I‘e\e lo{&‘eutxiy\ uu[‘l'e\ ‘I'ee M+'
total  cot

AL Haese two uoter to Be Lok £

W) K- medoids oJ%othl’\m: in Yhe O(Tc/ﬁir\ap» K- means of, ".-\—exm, oo
antvoids are e averag og o)) daka povits in cadh duster. Ta

ome aupp)ications \r\,owW} we By want eakh cnter B be

one ‘H’\Q. s el ( in tFerpretekion en o

eackh FoH* rLPr[:zenk an vﬁayffmmm\o; oé? d,o\y\k?i\\ W “Gy@be

o~ w\eava\\aﬁjull i‘ma?z_ \5->_Hﬁ%€ rfoe&nmJe sints ase callecdk

MEDOIDS - The (z},v%}\p‘ a‘%gr‘.—\—\,\m s orilar by K- oneans

K- MEDOIDS ALGORITHM

.In'\l'ia\im,b{m JEQ . Seledt KFDM‘}S m\(:\ %(D'Y\ En
Rk fr 420, 1,2,

 For k=), -, K
C’l:u‘): {x(éo‘f,\ whoy dosest medoid s mg)}
Er ll:’/_._/ K
. e sk, 5 Al <5 Ny

Yx € Zf(iem




The K- meclo‘uls c\fﬁuﬁ.@(\w\m shares ¥e po y e
K*I’Y\ams alcbo(}‘Ham = eadn Hembion A-QCWZME e *v\:.& test @
J

e aiﬁﬁofr"e\m alw Convergen ouq%zfen’r stabo
&i:(%remL rewdo p it daes not oacliienes o

W\O(W@f/ Hoe bl odh of K-medoids is \
LZ) Yo %r\a,\ tolal cosk F(oobkmd loa K - means (Wl 4 3 .

Ale, K- medeids Ts WMWOMQQ‘& S i Wa Heom
than

K- means , since (,DN\’:\JWK% Ho wedoid it harden (Jo/v\().,\lpv\?»

will Frod,uua_

Maoruevuam .

%\2, mean VUL,&/LE .

Lo One peeters o wwb opiimal Losn cost oadh .
peks o op b ey o
One swdn a\cfr’. Pam 15 called Ear ;X:Mn‘r\? Z‘iu’w(.

Medoids (( PAMY .
/\Abb&dz e uxd nkad of jz,zﬂb(v
Tnhvoduwed \O? KM%M\(\ % Rousseeuws (\98/}3

PAM

+ Tithelimbion shep: Sobect K ponks " fom o
y &&k Jor k=01 - -
° For k:'} —, K
q{(f.h‘) _ { xn € 0@\ who clowed medoid s m\é“ }

. For sack cepresmnlive chjeck ) (k=), —, K,
andomly seledk o non rLFfz;,cvx\mt\re Poin% Xoam s
and. mf)ﬁrz% bokal cost cg swoﬂ;&\% m\afﬂ)
w2y 1§ He folal cost is redued
reF\acc M8 with X am /owurw.sa luw‘; mém _

R Does not <cale cell widn ’&WY dadoseks . Sampling basxd

method CLARA ( Custering LARge Application ) was
F(DFOWL ba Kawgr\'\cqm % Rousseeuwws ((‘390\)

@) K- modes clustering . Ancther issue wit Ha \<_,,\€MS
a\ﬁbo(.“’\/\m is ot @ cannct hond€e. non-nome rical
(aka cavhpborimi) dode (and m‘oj)w? CcL\'QOGQﬁ el yalns
/o u%uaﬂha %e,nefaiez\ por 4 ‘ta Rastes in
high  dim ensional " daka. )

—5 W @ DISSIMLARITY MEASURE invtead o§ Y
le oC JQZ W\&""(I\C .

Su_mmz obsevvakions have o afwlakes A,, <y Aa\/
(,\re/\efa ,w(i/\ o\kx/\x‘aak& Aa A,esui)eea a mk cg (Uw\orolma{)

\/D\/QM%‘{O\‘}’\ Ty a&-/né}, ) d‘:), '}A.
Ig i,ai\ol(a_ w_*wo C&t@%o(((a:Q, o\oSQ(\m/bb\S (erxgen‘}li
\O&?’ x:(x,,_..)xd\ , xd‘fAd’
g4 = (g0 s 9a) L g€ R
B simole MATCHIN 6 DISSIMLARITY  measme belween
)
= ard g s d(xﬂa\: > §(xy, ), ohee
§=
S(xy, w;) = {/‘L o #E

(0 olerive

The K- modes a\abo(‘.H«m uses the same {:aw-d.tam an
K- maans b duster categorical dakn - Hhe goal o o
rehwn K o\gs}z&s Mifmu,n»/MK}aM Heorr rujmdoirc
dusters 5:{5\,_,_18K]{(‘MJA Hok the cost
G(M, )= 2 2 dlx, mp)
k= €8,
s minimaed .

K-MoDES ALGORIVTHM

. Inibalzakion &th 2 QW\OUY\% select ¥ "me\% in Zn
denoted
(e) o
m, p- ey m\(r) .




 Ropeak %er £=0,1, 2, @ T _ GAUSSIAN MIXTURE MODEL
° F°" h:’/ -y K

e - {wced, whaw dowst aid s | et eihntiic oo faisung, Tl eime
A Kok we have K ( Hixed) c\us\er&/ and date Rom He k-6

()l& »\Pol "n *Q({Y\) O“ H\é W\Q*YlL C) C&&S“’exf o ses BN A W_eh\raf;ake/ (\O(N‘dﬁ AA&)‘\((‘OW&NQ/‘\ N((‘)L_I ZI&\/

(£+)
° For .L(A(,l’\ "'6( fk H . k:’/,.} K) (,D'*v\f.)vf_ ‘&:’, -, K, (A/\l"lL('C ké\RA/ and. ‘ZLG\QAXO\ P og{b\l‘(_
H\L newo medae MQZH3/~M€~‘L(~C+€\LM&J§M

Ae ke . The F((or Pm\m)o}&ta ‘H’)\OJ‘ an Sosevrvation ‘erOMBA
Mlo‘*)"‘ s equal Yo the most {’Q'Ml"w’d— fo cluster b i doncted Pl , fo ek Hhe e wabMo& Aot oo
valug.. - o mixhuce og K normal duishvi buliong -
£ K
\A\Lemm\m Ai_sgmllar(ka Mean e was F(oPoxaL Iaa_ 5(1 l o, r)/ Z ) = k?_ F\‘ u"()(xl f‘)k‘/ Zk\ )
N%, L', Huang 2 He (200}3 ‘92:"0\12.@\ o daka f)oM\' WQ/\uz. - [\ahg MIXIN G COEFFICIENTS
x. ok & Yer cnter M, ° :
f il . = 2 3 = == = vV, - - =
(x;,\,.,,} X, (m\‘/‘;'/mk,A3 0(-1"(1) Y, O(Ki / P {Pl /PKf J z {Z, ) k?I
. % olxlpy S ) — ' -L-bz"_}
d(xc, my) = (5; P (x4, m\g,é3 y . K(x Pli 2k ) @W>d/1| Zk\\/:;xf z(z pL) 2, (2 r‘l)
wherc B ' . = L =
¢ ( y -1 o # 0y -
Loy 1 Me, ¢ ) = -
! ! - M otbherwise
1€, | -

where 0 nmloee of dosealios €, Hhak
have W same altviloote as i,y and
Mie,y
(\»& all dosecvakions 1 Ee hore He same d‘» \'e/\aﬁ‘(“a,kz/
then Ny ke = e\ od b Geep ) M,y =0
andk we ecovee Hre rY\pc”Ll/\l\r\% &xss.\mi\ar(ha meaaunl 3
5 ks inb aciont b cormert 030 o o pukiadar deservakion x, e do et baos from whids
fhe mode m)(aloﬂa i e liulomes Ug e olsm‘d\a it was %mmb_pt kcm.
dissimi lant % MELUrE -

N

S

OL;) ediise . eshmake modsl Pammel@rs PP s .




A Of’_m@ﬁ aﬁafocu,@\

Y_Y_\Dk\l\wwm E”ﬁ

Lo 1 L) = kqa{m‘ [ \m}

L(6 1 £5)
A
/
jrm u,2), ) (e,
and M)QWNM%

Trg bo fnd an
g@wima

will ron inbo Noubles because v% ro t).rz\(y\u. c‘i e

Som s de Ha\@
fnw\w o% e

—_ Ty AM\V\LTO N (¢ lHL/ £U ser vakion x.; wao
Omr\w\% %‘DN\/ He Sum nwide Yo VQ/O;d, wanld Malp'of_af;
So‘:;f;oyz i/\&\zad\ Lk e doserve parrs ()o;/ %L\/ ubere.
. 2. € {l/ o K
2=k means ok cbservalion % coas %;mem}zd by the

s Gouson

K
The (i, 20) = E[w’mlpuﬁu]

The /Q/Clzy }ik&d’\ﬂbod \OZU’”‘%

Przw\s ho AAQ{»MU%_

elihood  Eshmation (MLE ) based on a

ofn:'{ X\,r»»,Xn)} :

‘ /@w()<é_l P u\r(lep(t,zu_)>

n f)a/\ame,'}v(c SMS‘HUA is to onya des”

f
m% Ko ,Qx’omzssim @'g Ho MLE (03

with resFac)\’h P, P and 2. You

3

 This & a common 1 85ue in e

H’&«{' (OL’(A L\IJA@V\\ variables : rjl we L&Aa,\)

]I donotes 0o duoter [Au\)&ﬁa C’g ALt

dishv: luXion-
A (zc=lk)

R ﬂ(%;:lﬁ\
= T T o (i fpe, 26 ]

w K
M} _.E_é 1(z= k) 'o%df(zu l M,iﬁj

Huis &uvxuﬁof\ o Ha rzs‘ﬂ(} bo 2 ond &

éaéuiéa&@ﬂs ks ‘Hfuz /&X‘ZCUV\VV\ ca(wf’@t{o’\s /,u;;rk ‘) - an
f)(éjofu‘l{'gpl ‘j%)r one a\gbmt ine r\b.hqo\,\g ?zd'\_, kUQU/ b\;\-\»
che,fm);om'/ et [ (e\oiaug Yims  wills ‘“‘J't’ﬂV:L}S
(an ,zahi/a} b @enem 2ed. J
Ao W (va E = N ) 7 \

. . : o - . = ) =
A(0Y- zﬁx} JTP(I.,M = 2 Loy me - 2 1y TF@,Q‘\

k7 Y= i i = :

T such $H\uxb’of\5/ a dgeneal a_|3rroac,g\ is to M(ame/\t o
/eaa— !}ke&hwo\ L o ‘Lc‘a%& aolo\w\\g‘ e m?&S\v‘% WA hion
and o maximize So- calledd  (OMPLETE LoG-LIKELIHOOD . ’

S\V\La "W\L wi\ >S\(\% (n‘go,ma\lbn S - \a

‘?) Ade \/\"b:or) == uw\objevfu’ul/ we_

W\&r&B\Mh% oot " effek 03 He |udden vartadole  and make
He rroud&m& Herduie rewﬂl’ng m He EM ALGORITHM. The
EM a{{ﬁ)(.\'\,«m s a generall (»Qchod%\m Kok can be adapted fo e
Frob\em ab hand . Some ufr\ita-ttim EAM eter ot ation in

_ Gaussian  Mixtwe Moo{e\s( See sechon T 7 )

_ Hidden Markosr Models (Time Cogias

_ Kalman .F.:H’erir\o& (TMime Sactis )

_ Mixture Discrimnant M\Bst_s (Surarv\\su( Leurrwﬁ%)

T4 EM alc;or-Hf\m.

(e M{O‘o“ +he u/owvﬁ V\ota‘&m . Hosevued V'ar(o.Uﬁ.\ ot denoted X y
cnd Iudden | dakeat | unoboserved vaviables 2. The A’om’r Aisticbutiion
f(i, 2z 10) s ram'm’wiud an 5.

The %oaQ is to mosamize R /éaﬁ- Likelihood
oY= ko \3(1\@‘) = 103 % p(x, 2 le ).

We. assome ‘H\:.k Z i< Jxxuake . Rt

Tdea = Adied mraionization og P(x\@\ 1S amu@.uakm% cLallenob,\,y{p&’
waide  waxi mi2akion 0§ He (emPLETE - LKELIHOOD f(x/%lsﬂ Iy

20518 .




Tastead o mavimizmg ()  dicect we ‘mi
g 3 %/ PERIRA @ To moke M\ ir\dePeM(lM Bj z, choose c{(}) @

c|(2) - ‘*Yw‘a’ dishviladiion over Z (o be STCU’%M ﬁl\ovflr&&\) P(ontCor\aL €o F(x,z le) - c((}) « F(x, 216
A6y = day p (10 R i " peopotionsl b
_ ﬁxa {% F(x, £ \6\3 } (1(%) _ E(x, 2 @) _ F(x,}\&)l
2 p(x,2\6) P(xl@\
= ( ‘)(1/’2\(9) z F A
jﬂé { % c‘ 2) ﬂ(i‘\ \o.ca is concave  aumd a](z) '\Mm/&z&m)
Sum {‘o one. . CQ'\S‘JMv{f
and we  condnde Hoak q(%): F(%] %,8Y) = codilioe?  dxshilowtion

> % q) 1“3 IL f(z/%l@) } £ )

G](%) U% Z 68»\/&\7(-‘
= F(ﬂ/@) The. E-sbﬁ becomes l c[(mm () = ‘:(2 | %, &1\(""\ )

Fad the best pssible lower bound @ masamize (herads - | v
\/ll ) F over ano( 0’ o e F\l)% " MUQ %\L cren
9 o} ]:am weter eshmake G

: . (k) — ( (mn)

E—&EE C((MM = Mobv:{m( \:(q/ ) (:j/\ehm our obention Lo Be M -*er 6 = awaw;tx t (cl ! , ©)
i

[ (mn) () .

M- Shﬂ: & = ax VQ&X F(Ci /@'X F( (k) ) = - ﬂL 3(23 A p 216)

6‘ ! 2 3 1(N\#'I\(%)

We now hawe « closer lOoK at e E-=sh . Masimizakion is over

o @t og o\oa\o’\ei\fg Axg\'v'\\&t(mg/ Jids s }M%z/ and modimiandion

i Hus non—tvivial . Howewer, we nohce ok a m@w‘u’emL Lodibion }’x

B ety . (6 i+ iy e o 2 a8 St
2

Pﬁi‘_zl_@\ to be inde ot He vovidlde 2. IW&L)‘ in Fhic case . m
ol(13 F&N/u zf //.1— ’ /\ _ % T)(;; h’ (9“”),@09% F(? Il,@( ‘)}

/
(s oy (B229 . PRl (s o looking for o maximizer e il B
an {\% o} .7(2) ZO? a](1§ : 0\ y 33 Hﬁuxﬁvm with ("3[)’0)( o & torm indk Fe j

\

?— 13(}\7(/@' ) ﬁ)%{?(zlx/ @(W\)B

[l

I\ :
2 ,,\ALFL%(\ZT]/UJQ = /6]03{ f(;’(;l@) } P Ql 5, QW\ Vi= ? F(% | %, s ey ﬂog { r(x,% | & )%
] ) e RABER
‘xed

b The l/\\o\o\zm varidde Z s a\/enmdzd ot (SM(& Una‘o&e/\md) v %d' id oj it




S\Ammanzm% )

@

—ck ‘m (G _ )
,E_%E brnpte  &(6,€™) EP(%\X,W\)%% F(x,%\@)}
_M»s%ef oM - argrgax & (&/&(w )

|EM ALGOR ITHM

sjfef (AY\PAJDNA an Ex]xdutwn

+ inibalization

—IS QF (,OV\PALNJ a MAWM 2adx on 'f?JK'

Theorenn. The l%-b\\(eh‘/\w nCrea Ges
daoitm - L(6™) ¢ Q™Y

a/" lac‘n nlera/tlm oé ‘I‘&Q_,
Tn other wurA& He €M

&f%or\ thm wnverpbes +\> »@Ocai MA XIMUm

oo¥ = We dere Axfress.om ;%;( 26" ant 1(@‘“”’) , and

;(r\raf?, ‘H)\an'\ (N
N JZ.(@UM) = F(q(rﬂﬂ)/ Q’UM‘ ) 2 P(\% ™ G\W\\ )’&9 F(X 2 (G
/T (mh) {f(%l (9("‘))

Qqucvﬁb{) SN (,f =t c]

NCLE™) = z a‘(z)ﬁog{

F(X,-‘z | &(MM\) <
61(2) }

This HW(/!\_M,ULL bold e ¥ dishladion 9, "

pctu«xou/&/o 51(1)—-

(= | x, @) - Thu =

2 2 plaix &™) f»g { & ﬂ@‘““’”}

F(llx @)

x, @™ (wh)
- Z pleix® )J&og{f;(x,%\g )}H
_ér(ux,@f“’)f@%“(zlx,@ )}

_ Q (@(n\‘h)/ (9(%) )

= mz-l'&wa cle‘)endamf vj &

(mh)

|

(m+t)

Since 6 = agorax R (@ @(M)B e 24
fj@ / ’
hove fak R (8, 6™ ) & @ (6™ 6™ The |

(€Y > QUE™,E) - 2 pein, 8™ g {pelx, 6]

(211 o™ ) %'P(x 3 1@ ) %
F /‘268 P(%lx o)

(

_ ,Q(G(M) ) a
. — EclacE max imum
M' foco.f MAX TN Lm ‘8
&
X&)

l
A",’ &'&(W /’_’ , F(ﬂ,&\ {U CT(}§ = \)( = \X/ &(m-h\)
F(q &;w\) //e( (w) } F(q/@) < /().(.GL) ,for q(%): F(} \X/ &(vv\) 3

Ll .

&('m) &Lmh\ &LMR\
————7

Kemofkg = (7) For nVcL)szrvabL&\S we need o W
Q& e") = { 2 F(? B &M)ﬁaﬁ F(m,z\@)}

-‘ZE ‘ ){,Qaéfx;,%‘@)}

Wiz F(E (1”@‘"‘)
I‘? Zs ca\h}\voux) ‘wan
m . . )M\ R
ate, 6™ - = f;(zlxt,@ ) g plai,16) da

@) EM and KL dlt/e,rﬂ,eme,. We shaved WZI ook
26) = 2 q(z‘)ﬂoﬂa{ plrzioy Flq,©)

(13
We %\(\OL W«a rvnsmn@ tem o H«; e 3\/11\ Vand - side bo
olo\mr\ ,Q(@B_ F(q 65 + Some‘wa/\g




—
Sine F(l,%\@) - F(z\x,sq P(XIG3} @

_ = plx, 0) p(x1e)
Flq,6)= 2 q) Loy { 7@)‘) }
s (1) ) P(%Ix/@) — (x|
= { ffé JT \} 1(%) \/fj\iﬁ

M =4(&)

D (G = F( Q\) - S ) ] (2\7(/9>
9/ - q( faoa %\EC‘(H

|\ 3
= Kullback - lecbler divegence
belween q ) and r(z\x,m:;‘:@

{ Qe = Fq,0) + KLigh px) ——— ()

\&m“ Hak KL ANU@()QH(E.

IS Vien = (¢ Xse

T2 App\;uﬁo'\ Ao c\%‘eri«q{ oi lo‘-\r\aq (voges
H == (@) 9]

5] handw Hen
(Y

digits .
W Moshode He use o 5 algonthm Ay : i

3 | vs o.ol ﬂma/tb:s vgx‘\’bz r ™M (Tﬂ’&b Oﬂ' ;V\NP]IL U&W‘lte V?
zxamre Sery o \ o rZJFW\'oL mana( i a?m/ m’owm w%
handws fen AMB\‘R 02‘ 3 and 'L The  dimension of »x EIR
rzfruen\s o, rumber of F?xe\s e ima

e, and gadh pxel can
hasre & \o«\«\afa (0o 1) valne m&a [ f

0\)& (.O'\S[olfr ‘WAQ QQLu+€rvﬁa o(g) o~ 1 HH {
(JOJ'CU&k f,\: {X“‘“/ xﬁ} (L\\w\gr
K= 2 dwters

For an vm

By e 1:(14,~~-) xA)E[P\A :
belonaing fo duster k eadd wouakte | i
A« ?{ &(SS\XY\Q!L o /(ou,om @

[ I

‘ Bernankli disiulakion witik raacmdtr Oatewvalion %

KL (q) px ) Z O, will s Hax
’The@,%ra/ we see Hhok &« ‘Qciwuuta ‘g cund Ov\&a 1} P | : Xi -y
2(6) 3 Flq,e) mded q=pe r(x |3\a\) = J:T' Peey (- Fk;}) x;€{o, 1§
When ‘QQQP\\ﬂgr G Jgn(ul/ oo lagat | f‘\ Pl o= ( o Pk \_)
valus °§ Hee Lewer bbouad 15 feuned when He KL AA\’UOA,QVN«L (k=i ,——-KFD 4 !
mu\q{s}%“%( 97 px -

_ﬂ’ﬁ& N\Dde@ a sSvime s .nc\e))zr\demu:_
J)L‘}Wéfof\ Cor\ww—bﬁe t)i)(e\s .

2 Observakions %n%\m% to duster b have mean FL’ and
ovaranae M&\LX &Q%{F\‘U")l‘\§ .

(Ne wSidar a mi x \uo og Jhese ALQY\BQ(LOAS/ w Hak an

Im X is assumed fo anie om e dishMlodion

"t I K
F(xlp,r\\:ETW\eFQI\Fk\J E\'ﬂz=l
N\\ N e (m = T

p=(py P

(@) Ao indicaked on A0 F}g‘mm pogp 2y, e e 55{

X(@)ym F(O‘,&) E,(o« c‘(z): F(:z\ X/&(m)]

e ok 8= G(M) . Moreover , He Ao auveo L\g;&
Q O F

e same cywue,& o dbak MO DF(q k >

1 R
o5=6'" §=6

This Lollows diced: o e da ownlion ()(X’) , and
Je ;%“k Hak He KL diverae ceaches ifs minim O ok

G- @QMI o Pk iks decivalie vanishes ab et PDM",_

0™, <1




Tre for — G Do ;
oo oy Jilonk of o dobk £oc L mda @ || [ e @
(6\\:6\/’\ \a, " &(&’ @(M\) _ ’Z{Z F(E‘xbl@lw\))%r(n/%\&) >)
1(93 = i:{j\ F(h l P/_[\_)% QYZQ/S Ve 2=
_ %_ )OC \é (jL (m) (W)
Y & b= % P(M\Ph\} with . F(zbaj(g\w‘)) _ T3 P(:‘LC‘F} . A (m)
w (m " R
C ( . Use He £M al (ithm to k% W\a)f(]u [ F(\L‘ )
> = F’ 'r\*») MAXI M1 22 ,Q(S) nomer eadiy . )
= st c3 all model prameters &3 and (x) {M) ) _ ‘F\" (m) XL(\_ w \)‘_ Xy
i F( F F - = {PZ&] P2y
‘ f\v%me-«& the daka ack &n ‘oa aoldxma lidden vantadoles 2, ) 2, xo= (%, ) X)) e R’
(’é""ﬂ PO'VU“B tt’ e luster (Aev\h"t‘a 03 doservaliions Xy xXn
We dencte He ©OmeeTe aTRCTET Lyxy": {()&.’2.),. ) (xn’%)} ]3 (i, =2 e ) = P ( x¢d\ 2, &) 1:(2\&\
Eadn (XC/??\ i o ceadizadilon 08 o~ caeme(\l (X,ZX ~ To decve = T, Tl_ F:“* (4= sz ‘)“ *y
"H:/\Q E—\S*‘I&F o;S ‘H')\L EM CL\CBO(\ W\m’ we. neec +v (a«Qu,LELa,tL Hﬁ\Q_ | = hg
‘»d’@m}x dishrloukien P (2lx,6) [ seethe ex peession °§ T go\l)owj Kok ) d
R (6 S oN qu l’)o 3N ot S aLie : " n w) Xy ) =X, )
QOO e Hle lin o prge 22 Ql,0") = 2 2 p dey (e T e ”>}
(1“‘&)’? ‘P(2=7—|X:X &3 2 == - K . o "
fia=tss / ) Y G, 6% = 2 2 Pal doyTe
 P(X=x |2:2,6) P(2-216) o K g YT
ké_ ‘F(X:x ‘Z:k,&‘ P(%:\Ql&\ +i:\ 2=\ 20 (\’:\ ( Plr) \)2& }
=|
= = e P ( = Pz) ° M— SJQF: ur&d—z %xa wfrlml /ZA\\YN*& @km = e need {\7 A
E—‘ il P (ol rk\ e Tn.d]e.«(‘ og Q wik rfzs))zc* b & [\/ar;a.lo\u F;"’? ae Fus
b 67 < (g™, w™) 5 Pt = R P faked v cosfants ]
(T, ™x ) s W1imiyhm with Uz)\)zd to Pz
() C ) (w) )

Pk = P Pra B/k:'l"lK

28 &™)
dincte e wrrant r:a»amder 2Bt ’

e
- P2} = P
Cet Hhis devadie fo 200 and solve %«-

pap o cedmin p g .




: , ] o " (mr) D "
We %NL tak (|- é:ﬁ) 22 ’\3;2 *; = \gmv.) ?/‘5;/: (I—x;é\@

¥ U2t 2y
A(w)
AS{*@’ Sn\"(\‘)\l%\\(wb‘g\g , (tv\h) B ig\_ ¥ Ay . ]
L'?: ‘)2/[ = :'l"/ k
Ian AV (me) ( () (mh)
n € no on Fz = FZ,} )" ) 3{); ) p 2:}'__/}(
XL = (xy ) ) XLAB e dotouin
N A
(m+) 2Pz, Xi
- = \-,: 2 ) Z :ll -, K
Z A ()
= \)2/"

4’3}\ werdss =

/{52(:?  weight | belied doserakion x(
laelmas Yo duster 2, of e m- 1 itecation

()

> ?2 x So l: au’efaayl o ob&aruai»lon& X Zn,

))
ot \mzauizr wu\ahk on o\OSev‘\raLCOf\S

‘I’E«IMB\A\’ fo b’,lﬁ)r\% Yo doter 2

— & Maximi2aduon wi e wpd fo Tz . May‘}mxz&"or\ rust be
(er%a’méds undee e onshaink Bk S T =1 . Tebedua

o(&wgnm%e W:th*‘ef Az e LC‘TW‘TQ/—\ g\:‘\b&m

A (W . T -
L () = ‘:Z‘E‘ Pa /&arz + %(Z, 2 )
A w)
i n 7
oLt _ s P2+ n =o
V> ETE AW
We wndude P wE must e \onaho"“'C to =FPap v
o
n (W\\
&ral\ z ¢ 7"(“‘\ & \; /‘;Z,L
LY A (w«\
(k) Z Pep DA ()
M som b one T\’}M = ,:; vx?zl s L 2 P

=

x EM a\ﬂpr[‘\'\a\w\ /F')f Peraanlls daka -
U

(lrx)\( ar‘ Jrlﬂg )Z)(P-’i&&\or\ gxg /E\y?(/w:\ I,,CF Jj} P"f/\'z 2 S\B

5 S e e @) ) 0 @
(1) Tadaline F:KO{Y\G)"@F.S LI Py = (Pkl )5 Pla )/. la:)l_, K
@) Kepeok uGl P (m=1,2,.-.)
= (M\ . (w\)
. /\;M\ _ Wk P(XL\ P\Q ) , k: \] o K
s S (w) S (W) =\ . ,/
' ZZ P (x| P2 ) = sy )
R a4 Ay =%y -
\ ‘HA e o = . d j () g
T pept = B TR T D
(n+) S A
¢ L"' - —h’ (tzx_ Flﬁ/c
¢ SERUNCA I
\_}\'i ° F‘Z\h) = (; [D“’L e
\ N A
P ;; P e
EM ALGORITHM

T2 EM a[q{m%mﬁpr Gom ssian Mistuces .
U T

"

6 e A L%(E—‘ \D\ch\(’(xglpk,ﬁu)w
Talodue e Sakkent vaciables 2., 20, et te cav\f\ek
dofrsek "fn' = {(x\,e,),u., (%, 20) | - The vauable 2,
0{‘“’“’1(?1’ e duster ¢ An,\bkﬂ csg observaliion . : X@(WAQL%,

2 €01, kG ad $2o= kil wdicates fak X wes
(XzV\G’o\)(U( %’Dm N (= P, Ek\.
. E—slfef» e, maad o com({auhz,

als, 6™ = :z \EP(%lxc,@““){ by p (o, 2 16) 2

Back 4o our orI%,MQ asd) mization F(Ao\em:
S




> We need to  derive e l:)oSJ(‘err‘ dsticbJoon (=) x, G) . @
%ﬂjes %rm».sz + law evg Tolal 'PoLoJo«leQé (LTe) qve

13(2|x,@) =P(zZ= 2| %=x /G~3
P(Xldx\2=2,0) PRz &)
]aé P(Xédx | 2=k, 6) P(2=k 16-)

P;N(xlh,iz\

(1lx,€*3 =
f é Pl N (=) pie S
We denote
e = “D(z'i\ ><:x\/&(w‘)3
FE'L ' (W (W)
(ND(DCL | Pl / i )
= L"K%‘ F(m) ()\P . l P(C) ) 2([Z\) \)

% Whee (9 = unent P:mamder uﬁm}u@

. (w)
£, 27,

wi F(M) = { F(/M)/ =7 P(V\: }
(w) { (W) = P(v:"l
P(W\), éw‘)

—’{ [T §

A (vv\) < (w0
load/( \\f\*‘o %«Q !174‘)(2 SSION Q (@‘, S 5 ;

K¢, ¢ ) = /Ft“j Vﬁoa,{\a (), k| &3}
cmxfle?-z fp% Ailceliheod -

P Aoy puofOeIpi, 2005 @
Alm) A ()

ke
n K
- EE P mpr 22 W a2
@ @

s%ap e masdniee QI8 &% 3 il espedt o, p, and

#@ha
(wh) (rm> é— é A(“"‘_ ’008
@term . Fed | (pr,— P %?“* =5 P4 Pl
t| -1 Pk K

%wk)e&( o \2?&:)-

Proceed. as on 1)0\:‘81/ 29 7%1»% M\q\(wwhm O£ 5 Teveduce.
He ar\cap. M%F(Aef )\ andk (,&mclzr 4&@ Lmjm Laun

Jion
(- 28 Phidap M Er)
%&remg 0[ RA(Q)")QO* {9 fk %\M

A

()[(t)) 2 F\‘L . 5 . SQH'\Y\% 4—%\,\,5 A_c_r‘{\fmh;\i&‘\‘ozerc;
0\7\4 = 1( o e
shows Tk He SOMOA S ?(o\mbm .
z“”’ fr ol k. Swe Y S st somto ene,
\K AW n
(mh) ié‘ ' _ ) A
e (,mocuckﬂ.‘\’ﬁa)c Fk _T(léf/\(_w: = (:E;\F,L
'\1721 =1 ?\L'L .
Tv\/z;\u (%: /\K(zrv\: =\




©+6VM 'F(d» onlider ot Zaki co b nas‘xd' Yo Pl
Mzmmwxa @ w%\ rzs\nac‘( o P &

Mayaimi um% A wd

2 Pl (- h o E e pod
N AT
1e8)

is Fro’:«fh‘omﬁ\:o 2 F(M (e - [\Ettzl(

©

=0

0 Ple
_ A (W) (wh)
Mw@lfy%-}%.& xrress)m'o& =) Fkl = U =0,
) Ty % (w)
adoe Jord | P4 :?\;EAA | for k=t K
1= F e

B2 tun owr atkention to the masamzakion 03) @ cortr (m‘)e(,k'
b 2y

o Maxami2e. Z ?Cﬂ { == r&'@j" Z\«, (h—m\}

-3 & Pr At 2

é So most LL
Qc\q& *’b e TRACE

RIS A grf‘f) %@ﬁ'ﬁ‘%aﬂk a§
B 2i AR N
she T (AB) = T (BR) fer Awe
mactyiees Wa)i Vé ke

“ Ao AW . __(mb>
:-% %.EZ ‘\’r(i\a £. P\Lk(xww)(xk r\))

E %%M%( \QQMS

/\/\/
()
Pk S t=

A )

" e
/\( \(m l}'ﬁ"))()u l\S‘b —Samf’e covarian F

rmdv, X .

& Mayimie

: EZTr(f:‘S‘“B + g 80 g dok &
=% L kPl e L le

# Ted\box - ;ATr (AB) = —TF (BA) = B

'A’ oy dot A = (Y
dok A7 =

L .
dot A

We take devivalives it (zbi)u)r o S E :

@

3 ' (m)
0(\ () A () () (wh) S
= S —_ ») o O - Z_ _
o - \ e k= = b =
CO\(L,\SO{\' -
EM ALGORITHM FOR GAUSSIAN MIXT .
(1) Tnibalie Fu.rwv\e‘l‘ers F\'l‘ {\’(Li) / Z(‘)
W) Ret)za‘c, /gor m=1, 2,
T (m) (m)
Ql A () F\AU\C(M'N\P /Ek ) le=| K
£ Pk () W (™ 7 T
LJS ) 2 d\(’(?&,r) 2& 5 L:)l_/v)
(W\‘}") " A
_ | ()
P\& - _VT i:z\‘ Pk/l.
N
A .
[gtm) = Arg Ple A
A% A (
(g Fli,;
0 - "
e Z R e R e
_é/ ’ ke - DA
. Z Plec
(- =




Tinter pr on

Recall e A”%Ntwﬂ‘ag (m)
Pt -

> Z B9

R T

==

Thic ferm , @)gf)ea.
rzrrz\eu\*_g‘_}’e\a y;ngrij aomber

G

z;\& \ X = e ) &:&(m)>

El S Alzoke ] xon, 626" )}

m%\o.uféa,\? 678

(mn) (my) (w\m
F\e ) \~>L /
doseruaions !ae\ \C\.EQOL

o Oﬂ%\‘f\a)\‘a /%m\w\e k- H duater , ot deokion m .

assh conm et

?A have a so
05“:‘6/\‘@% /\(&

do servdion xC to duder ke ,
: fo 7y, mgyme& to Ho K- mean

!*«%3« lrng\ m&up/\ At o haad ouzmcanmevd eg doseryadion

X, ofven b% e € {0, l}

”\O"QJOVC{" {‘)V, = WU%\\“‘QA\ a)‘,-e;updb eg o\gywa,bk'OflS w

the kighor dhe woighk PV

A (W)

He more

Lke&a A &Lm?fd fo Hhe Lo ¥ luster .
(ikews ve 2[(. = wua\r\&o{ Samﬁe cosariance. madude -

(mh)

Now/ LOMW He E and M 5{’@))5 %%Jﬂv%m/wn}&h

K- means qiéaoﬂﬂf\m :
E sjreP = Ass.%mm X

M SFO,F =

4o ik gLo sest cendvord
&ca'nf»iﬂwa He contvoid 9} sach cluoter -

We can puthh e am@wm between He K- meas alﬁonff’nm
and_ «Hf\_g £EM t/\&fﬁw\m ;%r %O\wb’ncm I’Y\nx{‘ui) [ 6‘{"

Jurter ..

/

T 4. Relabion fo K- means .

Gonsider o Goussian Mivhwe Model with knoon wovarnance
z\c = &1, wHere . £330 swme small positive nomber
(Vi) . T4 = dxd .‘&em’ub&, madrix
Asome &  Yixed .
= Poacameres d be eshvated = %P" PR P P %
The EM a|7of I V%q)

modvice s

) i (w
A ) P: Nl pe eT4)
Fkn. . Pkd-)u\(\(x"-\“’y’\)) EI(A)

(wt?) o A (W
ke B _h_- = F\'g"
() %;‘/\ (m) / %’ /\("“,\
| P\a = = F\"';‘ X[ = Fk’\
(W) ] \ [
A Pk “P(' zg 4P !
k. KW \ 2
XRRATE)

I& X, s co&erh) ‘g\o_ H/\a\/\ avxu) other \J& ) 6\#.\2,M¥C{m [1

)S FOS\ Q\f@

o (- Zi[ SIS L

“a AH@ Aa’&wzha fic\x is doter fo same Po‘ 3‘-’#\&), ’rfmn ¥ g
| Hhan [ 1% - Py Pl }<‘° , andk

[ ])——ym as &0 so Hook ?(M\

w)
SO‘Wrak /\5\: ——7\ as

¢—>o.

KX? K

a.&é—ao .




S\vavxar(sbf\ud/

" 4 - el g -
DAy, = { M s
! 0 oferwsise

Varradoe. WWhodued. pacy 4
/@ e K-means o(ﬁmi 225500

ololen
In Nl&xt».b(\)
° é_ f/)\k(':) S ni:\\ = V\Z. T = mm\her 0‘3 o\osefun\xk;’)/\J in e
= ’ = k_H’,\ (,tha-
(w)
. b oo — e dustec
° FL\ =2 _V‘_:F(o‘)orbOhSlx)Mk\odo\Sma'\V‘w@‘ﬂ- €T

. (mh) I _|_
t)‘ﬁ n\(:\ =X to Hee le-th cluster.
Il

m‘{? o\e%MeA on peag 7
= e recover e K- means a\aﬁorilre\m-

Remack - Recall Hhe mxpression of Q18,67 onthe bp o pacp 32
a(s, 8" ) = = ﬁ:':’ )20%{ of (x| e, zrﬂ} (@

'S
e °h p

(w

3
mm\"m{z;nca S Z ﬁ\%i\ (S ~Pe \

l/h,
l(/\" algertm -
o Ta the lmit €50, maximizer He uFaJmA complete |
i ;QO\M'VWQME Lo M\Mmiz{nca_
al&)orljr\/w\.

K- means is a non- Ia(o\oalol lishe dusten (V\’?-H'\,oo\) acd doss net allowr

Variance oFeralion . T+ @n be wed ac an i Ka i 2akiion o@ He EM
0\\06:)}\3(\/\VY\ b% He Gaussian Wi yhce Moded o

e ok ,%mchbn o He K-means

Vy#k

Ta o\‘%@r‘ wards y o\ose,fmﬁc
X\ be/\ow& fo ‘RAQ L -4< duster

%, T X = mean value ag o Fom\f \ge\mm

A (D \ 2 e - MA@ deaH
L U

o . T, flixy = lJ\‘\\L = st (%who'\ 38 He K-mecas

08 - Weelirood

@

A

T_ Fuz2Y c-means

®

The Fazzy (- means of .%m (L‘Oruef\k a tompomi 2¢ lbetween
a .S_Oﬁ (P’obdjé\&S*ic) assIC\v\mevd’ 05 desecvakions i 4 GMM
—_— /

andk & hard  (non- pm\oa\o’.\"\(sh‘c\ assianment og doserdiions of e
, T -
K- means a\ﬁ’fﬁ‘l’l’lm b.a a“/(l/vwx?y a 59-§E non -F(Aoo)é.\(l s a&Sic()nmen+ _

° j—l'\e "/ V\\*A;:/\ 0\ _HJ/\ K‘ ™ a T m A DOAE
Cos § gr\ e eans lgﬁgi-la (i ¥ Lt)
Z/DO(M'TF): 2 2 WL\A“ X‘—Mu\\l /

=\ Q=y

whece 1
Wt\{ = 0

. We celax Fhe coshadnt el & {o) I} , and we wafpose Wstead
fat my € Loy

The dojeckive of Yuzy dustersg s

jekive X% kan_ ew\%m Haam 2
L (M, &)= 2 Z (wa ) Ix-mele
where

(‘g b oS ‘Oz\,o\ot; “o L\U&"er lQ K

O“H')\e.’wi [

.om> The uda anbe

. ik € [OI ) ; u= {\)\\:\,L& wﬁerr/e‘yecl as a
K ok LLU«QL .
Z Wele = il P c t&

o< Zuk < ]1

o Each custer has ot Reast one bservalion
(2 Ueh >o§ ¢« NO SUPER (WJEAK CLUSTER
le

o Thor IS ho (Xu,o" er uv@;d;\ ’JM a\\O(c&icj all
df)‘sewakicﬂﬁ wiHn %_&Q w fol»t 151\*‘"& to 1
No SUPER STRON & CLUSTER.

m= Farokmelrer wk bv{) He ch)&’b"a\er (role f m disassed pace &)

L)’n’\EfQ -Q)(ib\j an Al \\+Q r\um\oer wia) C/QMO*VQ(- (Al r;“'b\\MS
W%Mmﬁ 4 fuary cterwyy alprdms,




WMWMMD mm"&\&i

éﬁ*— oo l=l-, K
Z(MJ

¥ ) SN
®uk-| = W% - mp, N, >m-\ el
7o\ by - el _ ' :u',-;K.
i\
% /\\suumwa ercut none ag fo %, s 2qual ko ene DS Yo w@aters my

1’% il = X e 51\(\@(3 Were sc;\w,_a {o \c\,ﬁ fo s

S k;« bc’\ HDU»'QRW—«') ‘H‘N\( fo\.oLL/j pccu s N rout,}uu (lu_.a’*v
Mo (/bt,\\:\g (7 c/\).’\[log’x L

26
= . \S*‘ A W M(\ —— = e— 2 \ X, - \
F(wﬁ i ¢ %X - bmcr‘ 90’\ o QALJ v M‘L\

= 2 2_7 (‘Ata)m(mai'x(\ —1e,
= Sy xi [ 2"

Mwe. Sew M fY\a" Mud' Sa:\'iS?(«a, mé‘

. NJZX“‘/ we %X mk
We wad o minimine % Q*LL) I % = m\,L\\Z oo H’,\cu?zc)\’ fo He udﬂ_

%u\)'\mkh) Z =} )}Mﬂ%

Y o= T >\v\\ an
IY\*YDCLJAL LQCI’YD' W@A >\ = (>\| 7 y d‘W\-’L

W% %AWKXAOV\
9[(>\ W) = { Z Q.AL\&B (B —m\,_\\,_ - ? (Z Uk, = )
/ . No ceshv: dion en s Soyx j >\

She e a2 an xclwbtu/j
N consheunt

=2 Z KilM, vay — i)

! - Pk u(:(uc\,—,‘*th

WNe ave (,l\ecktil\f o Liffle bt s He conclition = a,.<n tells us

Hrod we canvol: sepomake Uy, — Un and oPt\mn@ acdh “term md,(_l/ld/g@%.

_“(\ebrtw\ - A NZL{&SM& cndilion fer (M w) to be a @

> Relax Hus iondiion andk allow = wcl, <o -

()\(/m\ 8 oa sbh‘cww& fpm /%)( L &\Mm@.a\&

\7%1' o LN, w)=0
oK. X

(X, uc) = = %l =1 =0 (1
M U=
Dx (.>\ le) = 'm kA:\\: %o - mk\\t =N e —————— (7))
Qe i
Fom (2) we %g)c bile = o el (3)

m % - mp s

P@*Cﬁm% Huis Xpre ssion baclC tnto (D , e %JC
K K e Tw!:‘
e 2ol = Z | — =
b= b= [ wmllxi—mend
T s
>\L' m- !
n < ~m > \aé—: ( (I X(—MU\:>
R , el ST
\ M-t L M—
S Hak < Tw—> :Lg(llx\‘—m“fs ]

iR
e dmate B B (}\Tl‘sm-« e szfrzssfar\oé adl i (3) )
aud. dotain ‘

L
L ‘ Bm—\ ~ K < \ EM—‘
Uil = . — ‘ E h —
“ X\‘ - W\\Q“L’L d_:.‘ “)(| —_ W\& “l

< e \ e B | cquired
m \ZZna (: means al(xcx H/\mj SVY\FQA/} arcdy *Hz\ru %L\ Heo
nece s arvy tordulions og iy ¥reorem .




FU2Y & MEANS (n>1) @
Inika\i?a{xd\ U\(lo‘ Pty ‘*jno?(

Regmjc {U,Q:o/ 2,

. Ca'w()a.ta He %A’Z?a gewfe‘rj

B‘N

S M
M‘(Qﬂ) _ ‘~:2|- (MLLL ) X 2 /RQ, Lz;l/ — K
IO
. (k‘wlaka the weghk
K ua _ ‘i)‘ 2 K
.(2+I§—_ Z_ (ll)ﬁ m, . \)
ol | 1= ||X|—m(;”\\l ]
u@) and  ®
_ M(!h) H (g, S*DP‘

(L+0)

-Tg ”M(l)

Bezdek (\CXQ\B . ?szerr\ Re. (niﬁ'o/\ wden %17,..6 o‘o&‘cubire_
SW“’t‘“”\ a[agorﬁrhms :
Remark: As o m— 00, e ! %nier " e membere&qﬁ a53§anmemt
o1 sohdions become " hard '

There 15 however ne Hrescelicad baaw ,%r an opb/vv\'a,Q Lo o§ .

) . %y — i Wy
To s s rye= DT R
© ' ! 1% < mg o
|

t+ 2 (o Ll
itk (r“

%
—p for m large | e Yerm (Q')W s clote to one irrml;eapp,b}
e/é'f e valine og fre D The dencwminader in10e ¥pre ssion
o% Uil s aﬂofoximo\*i/ba 1<1WLQ

v Yo K, s Yok wde x 2
“ ) A&s?{)ﬁme/\Jr 08 doservations is

See

f —2Y% Mare )%Rha %ar ™M zQarcaL

- or m sma\l’ 1% s

+’D mh ‘\'6\6[1/\ 0\\/\\,3

§ << |

Vd'#:k , so Fhok xj cloyer @

o offar LT J#k , thon f 2 /- remadny

C
cloe o %, o Hhat ugl, 18 clow to one
> Ass]jnmen+ oé) ooservakios s hocder ,&(r mdowe to |

TW_ oNUNE VERSIONS

We cons der an on—kﬁ(\e Uevrsion

e EM aPﬂxof»“‘!(;\m 3 I/\~\-9\.L

E-step, inshead o m?uhm% /ufgﬂﬁﬂ?f Bl [ & the Gauman
Mith W/_X /%r a/& O\QSQr\faﬂms Q\\ \'Doﬁrc\‘ ke '3/ ‘*f&‘k
.[/)\\Q , gw one Observakion Xr)‘ o.r&\?y E and U«fdﬂv\:ﬁ F\L/ M& and

Elﬂ n ‘H\Q M—slrer,
old
Notation: lek . /‘\Dh/; lf(tl)"/"(
= 0
)
P et 2 e e oot atomas

The valng bg He Fa&]Lenbr ddmhde s e
pbsewakion xé' Oﬂ% ) OXVW\% F\q s

old

— (/Ur]HW\r\a N, = é

T= 1

wrc\od'uk }@f
MY The M- s’faf be comes

new S _
—0 0\( = N, = F\a/& F\"()

news Ak
- P = \DL».

: N npw .
F Plei Xt Ply X

+

A od

A A N d{{
Py — Pl
N

—1% L:\I»Q _
p =
N Add Ao A dd
Z Pl X £ PRy Xy ~ Py X&
Jo




5( N

Pl e

CLHLMLL Lﬁ(») w(.T’\ p

. o\d old A /\o\d‘ ‘
e = B Po Plog X Py X @ W for =l —, M o
0 g 0 A N Pl o (%] Me 2k ) le=)
Ao Add . " >

- L + ﬁ‘“w{(x& e 04 - Hﬁ"‘))t- ZC\A

Q\ol

od
= &L_ 1 [J\( (XJ “)\¢ ) = ZL
INCREMENTAL EM ALG;O/QITHM for &MM
(1) Taitalie f»fome\?fs F\S\d , [\);\A/ 21:’“‘ : %io\ :_y|<_
ad 2N dd ’
LJ. = z_ P)&/\‘

\ o\t‘l e
old £ oit{ \“ (\) -Nn ) o S
Lh_ - v HL’: = \ = _L/L;_ , aak c'\)ot;«owx(a"
0 N N IL\LL ) N k\&tu
V o\d New A old A W
‘H\CL'L tL — fIL PL «
0 /\o‘ﬂl i [\ . o g
e 2 ]‘Jk)(x’ )+ Bly (=P ) Oy-pd™)
- Zl& = o
e
Ao‘o\( e ou)t
note Hat we need o trke 10¢ PRy - Pl ) Xy-pe
Ojd UcbDJAJZ L \/\efi/ OW\@(UUQQ ,qkm""
We (anno s & . st f(r S .
old \ )(X
e \{Pk (- p™ Yo ™ )f
e new O\A
: By 01 -0 - )

}

new A A dA
L S e R
O\Ol /\‘\'\l‘;u /\o\d
P e e P Py kel
n n
A e A dd
: e cJ
. H:w ¥ ad (Ph,s ijte,a )(X&_ f’\e\ 3
L
fiduo A e /ﬁﬁu
ZL" = ZL«. + ﬁ:_[&w {_% - TEEUJ{ }‘

@ &FZU-I' S{ZP () anh{ wnvew;aence, '

\ﬂﬁi ametes ae ceul 30.&\
E UkV\JQ,Q ““E’«L : a%h)f
Sfads b\}) 4’9\6 a}aor‘rl'ﬁ\m

\V\‘* stead %
dakanek 2y F(ou,mo{ = Jr&u M

: ad
Remark on Hhe i Rl 2akion x’re? Tnstead cg s&)\bm% F)\‘ﬂ,i e

w !

e N\C\.la un one |+1210./b0'\ D’g ‘}EJL lOﬂC\’(/L\ EI" o\_\cr( +g\m ) (od d,d/\?'
lML\a\ ‘Qsh\mm\fs %f ‘)\Q . Thea Swn Fda o +P/vz m(,peme\\’a,@ versien .




