SL - FOUNDPATIONS

I.INTRoDUCTION

. Le,a,rn{n% N ! A Froc.ess base_o\ on QXFeriev\c,e, n wl*\fdﬂ a mba‘eo\‘ (l:e\Q.
Qeamex) }mrrw& bavs wxéexs*unéw‘\a oj[ Some. f\'\mcm&non or his
\o}& h) A&S;W\ an ﬂoL&q\kcd:& rasPoy\sz, w\/\g_,,\ TF:L " a_ neas
s’vl'vw\:?b»/\ " /\ bep ¢ | wwa ol -
\V\KU ence s‘ 1) M Mger ake\f\ Frorq e
7Cfon\ quhm&m LXGW‘F&A

» In Hhc SUWPERVISED LEARNING J(ran\awork , e avoabla
LXpen enve W%UM is ro,[xzsea{'aak L‘d o coecdton O/X, ra,cr:
{(fﬂ, \a.),~-~) an, %n) } /(anerl ’H'\& LEARNW & SAMpLE |

‘I’B\L x;/s Ea)o'%*'o seme wk X,mmei%\z_

INPUT SPACE , or the FEATURE SPACE j 584% o whxk
4 RY dmr (oo wibers feokores [dim of X
To eadn x( osrrzs\-;:rdj an o € = R callea Ao
RES PoNSE VA&\Aer—:/ o the LABEL of Xl

e The R of a saperied Searming fosiK is o o Hhe
um\av\m?:a Qo)oEQ \a o{u a new MDQL?QQQ:A t?eohnzx;:\’c %,
a&m O"Qa Fro k"“”w%é Ug fbe J?.wﬁ\uvwé so\w»’:[L ‘

€, — ur:\‘imsm = 3613

K fDePe;\ % %;7\ fe nat;:ﬁ—\ c%. L&/
e e o X en
F’olcl-e\’\/\ UJ\%

@ %: {o, l% (0’ §-1, '}) = CLASSIFICATION TASK : ecach iem
(Of‘ {h 2, Cy K } )

s ck&:icaneol, a cakw(gma_ (:f duso ca/f??:x}es we hase BINARY CLASS‘@
X EXamE\QS: N ‘%’e)«\'%or obaa,w\emk c\as]ﬁ‘}ca;tﬁon

= e wordd o Aecuments

ia = ;p?c. /u;é\ulg% AFO\’“}S ) buciness ) MUSIc, .o
N image classificadien

x :UPTXQJ \rogQuM

$ = Ca)\‘eTr;zs such aq Fcunc!sca.f;a/ Fof}rw‘;b/ an%a.’/,..
N ouox'\’r rtc_oq(n"\lu'on

% = pixe)  values

Lb = Yo Awﬁ\{' . ce®
N meducal dslmanos‘us

x = fo.b»em" medrcal test @wllt

\6 = lmk*bﬁ disease SEak:e.

() la = R (o a swhsk of R) = REGRESSION PROBLEM: predick
& ceal value /%r eadn %&)ﬁu’e ?O\V\‘t .
x Exw\es =N\ = Loo\a meaprements ( wu‘oéh-\/ oge, )
ta: ‘Dod% RDJC M

N X = gir Po\\nhon oncerelion measurements 2 offer
indulcakors

\6 = \nousima value

N x = enviconmental varidbles (-kmF*XSa\\x\ni% a(S’ um’rerm)
l&: .s!)eoizs cboundane. and. ridhness
Other ﬂeam.w‘% ks include -
. RANKIN G : order items ar.cordw‘\a.’(‘b some oriterion (E_>§ welo
cerch )
., CLUSTERIN G = Parb-’h’m %oilrz Pomk into dishinet (fczjicns Can
LU\SwFéNiseA (Q,arrwv?a (UL) bide: no RQakoels |
. DIMENSION REDUCTNON : reduce Hhe Ai:v\er\s’»maﬁﬂsa A ea';




e ‘“F“k S]w‘(-'a X = “)\o\ . o{"'&" uwped a5 o Fre—Frot_anvTa @
A’(‘e)f) W A &Afenfi&ok —em.rvwv\%“a_s\( ; q—%r Ja-&awwsfmss?on,
Tn a.cu.&\.m 4o e So(')erdiseA 2 un‘cmF,rJ{ wd ,@zarnm‘\a &amewark )
ommon madhine /Qﬁarnuv‘\% ks alse indude:
— SEMI-SUPERVISED LEMNING : Hhe learner cecelses bty
la)OLled pa uV\\o-bejeA ’h‘ owvgq  dako. . A (Dmman SCenliie 1N

I cakiens where unlabeled is .eosdfbo accessible , osble
lobeRed. Aoka Ja L%Pensmt-(ucw‘ole‘f include (»r?,\afwaz dassi¥rca -
Gon - W\avxwa/Qf’% J?ojoejlw‘\a a wzkfa%z ) ,@o/ua PN J\IA,Cms)wem‘.le_
mulliens o§ welo pags are il koo )

- ON-LINE EANING : Hhe onlive -scenario inuolves M%fa&
rounds « A} 2adh coond- Hhe Reovner receives an unlabeled data,

moXes mfacbi&{bn , andh MSQ;AA ok e Yue Qakel . The
5 bo mintmire Bo folal “cunladve foss over all counds

('\r\ﬂ’avxces x o Laksels be choyn v an aduvercarial
"‘"’"‘6) (UMVP‘?—? SPW\ e-mal % IJrerw‘\g j mm‘u’raﬁ“mal aaluer-ﬁ&rg>

—» REINFORCEMENT  LEARNIN G - Fhe. learner Takes ackions in an
environment in order 4o mavimize some wmulodive reward - The
{,gmg s on one line nane | ank Ao leamer s %cueo\

ookt Hhe LKFlwhbn V3 .fLKF\oHub.’m Ailemna. Ju:f(onrﬁca anknaun
adiens & %o.bn \Mawledﬁa Ve Qx\plo]bv(% N\%Ymo.hm ad\ozod.na_
ollecked ( mudl —armed” bardit pcblem D

+ ACTWE LEARNING : & P«W case % semT»yufxqi&f)\-
,Qwﬂwﬁg, vbere Be Loamer s oble 4o quary an oracle fo dokeuin
e doviced Lobeld o§ an unlabelof %aﬁme_ FON' x ( com')dah'cme
Li‘o@)% alofh\mtorﬁ) T The sk s b decda wdidh doka
1’2:1\(\45 shold be fabeled .

The role ef ﬁP’oLﬂL}i\H‘y 'H'loor:l 2 mathematical stadistica - He @
'M%erevu.e, slrzr in e Qeamm‘\% ‘t)(ac,ess leads o cowdaer the dea
% W\Odema e unlenoun . S\n\\mi)a bedween a new poss (7"&)
oundk zxislﬁng fw'\rs (x\,u(}‘),-.} (Zzn,\é,n} is undershood

o ?(ol%)dhé\"c waxa / assommkg M (X,%B ank the (303, U&; )5‘
e Acan inde, en o Ao same (\AV\te-V\x:wr\B Fro\oajo“ﬁta
oli.sh):h,&xon The wYerence sk raO\wL-.uas Hhe osbmation Dg Houis
anlznosn ';rp\oo\\meﬁta % standadd  shdisbiea L tzclnmcl\xo\s oﬁ;&&

LA s]mFlQ, model - e ‘mM it ae assomed b be v}\cl&]:enclw“%
Sraum %om o (ommen lw\mlo\%a Aisticbudion Py Ab e
Jdabels , we assane Ho existence ag o comeck ,Qa)u%w“\? %N\(hé’ﬂ
:E: X‘ﬁ%,um\ﬂlwa’lv"‘e\a. ﬂmmer-

o & o cealistic model = Paies (e, 4 ) = (y) are v&éef;g.dm
deawn Peom o jort Aistickdiion ‘PXY &n ‘)(\3 . Tn offrer ‘e-‘}
WM'GLS, (M, ‘61); ) (x’" ‘6‘“) M (;(/ 3 are QL).SZMUQA U‘o\-QALM
(aea _C_G:oihzah:s(\SB 0’% ino\o,F&\claM and idents ¢ ax&‘mw)
rav\AQ'Y\\fCU‘]o\)OLC_S (X.,Yg),- ) (Yn, y,,\) angl ()(/ ). (iid
T e remalﬁ\olﬂf) e (L‘%x te B colleckion °§ RVs
o{n: i(x,,)’,)/ -ty (x"/ Yn) ﬁr
Hhe LEARN SAMPLE .
as the LE WG /\w‘e,wr&& (XC,)’Q)N ?X,Y
T&Q_K‘. ad.i:otima "‘e\a Lm\kno»r\ (ou\o\ roméom) QOJDLQ Y bg
o\ e HXA_\V\istsKiSmd,ow\:ba,
oshudiing & PRE®ICTOA :fn : X— R, based on £, ,
whee it s wndershod Mk :‘:n (X) shands as & opess OC?F-H)\,L
wnkoown 2abe® Y o Y. NNk 10 e e of binary clasifiads

3

1[0 Ies (eccan k) @l o R | nstead O(f {o/] j ,

YO (0 SONS j\‘ﬁa%’ ‘Lml] \aemma C(QCW J&;&@(

%




LE)C 3(1 XS5R be o ox‘\\rzn ‘a‘ub‘:*sr (,Q)rwl{ﬂ‘ @

not necessar: s tvaced w&wtra & ) Lot i st some. Yuadiion

7('9133.()\)1 aﬂﬁm*‘e\ll])&r rmnce./accura )\7[(:,
means ol o VOCSS %\wm k . X R N iR_‘_ jawj“)/\ ‘3

qwﬁ%zs e cost % Pn c\ic\’dng jf(x) when Hhe Arue outcome w \& /

(6\0’61\ ‘a& ,Q(tg/f(x) )

e wil) o%\-er\ abuse M+d.t_bf\/ and wite
g, £)

Examt\es N

(’D Sﬂwe_ Loss . UA«L%Q with Coiawous Dokels . T s Ae%\r\aok
as 27_(%/3(‘) = (ka-jf)m = Separe OSJ) Hhe. eeoc %—g(x)
A FFLQ@( hoice in rwma rzoﬁressTm Fob\ems

@) A e 2xatic ‘Qoss‘ s -“’mz, F-Eo.uer‘ Loss ’Qéﬁ/ {):lxa—f\lb)
and- n l)leAQa.r) e abiolute Loy ;Q((%—DC): \L?I—Jf\.

1, : 2,
b1 Yf

@) For binané ﬁ&)oe\s u?fé {OI l}/ o ssu}.b\o\a doice 1o \:B\g_
01 foss, dafired by Ry (4, £) =40y +f)
Loy walecs w fo, 0 ={1‘3} 41#f
’ "‘%leu.ej n {O) (YI o O%efwisﬁ—-
Arecagiive , QA ASS welvic Loys Joon ™ oo ueed .
Tor mePia SN s‘)am(a classi \ca:bio%:y\ we ﬂ%r%to Robel «
S{:am emaild as ,Qeoxt”t'w\a}e/ e ofer ) aroond. .

A sikable Loss %Avd‘bbf\ wakd be: @
lo #  g=0, f6)-4

z(‘a,{): %v1 c%» ‘6;|/ :S:(x).—;O
O

ottherwis y

where «3:1 Aenotes a .S,qu y and. (d:O thherwis.

@) Mulkiclass dass\%cah'm ﬁ;\O\CMS . 2adh )(‘ralwwﬁ«a, ant L,e@m%

‘\'oone 048 K i(al?aaor\ed g,(p.sPo'\s-a vacadde. loa.QDrwﬁo%
%:{O'l} : Y:(-yll"/ yK)) W?Ae,(e_ yk:ii‘f

and. m&a {g X 10&1,0«084 ‘\'0 C&U\’earna, \e /c\v\i Zefbo‘lexerW:K

Yok, F\‘Z(:q i= [P()’k =1 | X:x)
_ ol (koK)
Then donss-i)a P / d‘é exp { Jcé.(l) }
e /%rr,qum FL(VQ /t (onveni ent noedion Since ?\&(x) 20,

is Hhe /Qamouz,sb

and must sum Yo one

L= (£ fem)
e fhe mullinominl Ao anee_ Km?mw {be. -QD% ,QLMJZWB

s o Ross %w};m
%kf)fx&.m(ﬂ

Uub,gc): z
£,00
(x + cé
I ay(z <)

o
=
= - 2
ke
P =2
= - Zk;:{‘k }'\&(ﬂ + ,Qc?j(az;l 2 Eafa~(x)%> _
_n,\& Bk indd - (.}, -~ jCl,() mnmizog £
s uw”a uu\olucgjrﬁ\%\ a:éuiwﬁ aémn}@M—Jr&aJ: gj% 950

=

(S\\m ao%uvf) aconstant value. fo all Hho \3[&" does not dﬂa‘swaé Plﬁ)




:ﬂne, a\un,r\\k% 2( Y, jC(X)) is o rondom \icnn“oJo\e/ and @

depends on B callie Token by (%, Y. Tt way be lunge
Jor somevaluao f (X, ), bk smalkt R oo To decide f
:S‘g\op‘saaﬁokdo\oorm‘\’/aam mng&QLoEJfSo-"emk

LY, F1X)) remodng smadl s W FAOOE\Q;&&SA more.
hackade aﬂm,,a;@\ is b Coz\s’iwo\'jf wmdh ook ,Q(y/f(Y)) i

sl on a\rera.ooz, Y andh oh%\na, Roe EXPECTED LOSS or
RISK  as

RUS) = H(y,jc(xw - (,e(%,jc(xﬂavx,y(x,@
RiSK OE £

We. owe nterested l\\ wKons :F with smal® sk _ and m v
S e %)\V\(hbn J* wif~ -W\L smallest risK (over He sFum O(F a0
measaalole ;%Av\diaﬂ)

‘ 3[*6 aﬂav;«[m K(}) /'w]JrL\ risk K*.«: R(f*)_
! A

\\ar%ml\n ' shodd be andershod ao %&OAJ

agowm R{) = meamalole : R({)= mun Rlg)

“The. mWimizer 3s not mcwc«‘-(% un?qu.a.
The gﬁt(wQ sk RX shands as o beadrmak b ool S
risk 03 avx?j de}.(}or % shond be ww\f)amo(- I(\fbutlu.,aaf}

we ant unkerested vn Re  EXCESS RISK |

E(f)y:= R - RF
EXCESS RISK o i

|

We next Aecive e exf(asa?m o£ e of;’c«?métl Przdf.mlor 5 ¥
in e im + cases + regression P(ouem vt Squace Loxy | and
L)l\!\a.ﬁa daSSK%co\hbn Bk w01 /&M ’

. %b:fmm:) og the recrzss?on %\.\Nikbn _

“Theorem Lk (X, Y) ~ Py, wide ok EY <00
and 29): r(x) ‘= ‘E(Y| X:X) be,‘{e\e bor\duiﬁono—Q szeda.tbvm
Ug >/ %{\F&r\ A=
Then r minimizes fhe. Ciuo\&mhk, rsk = R(r) = R%/
whee Rf):= E{( ¥ - 00 )*}
- E{&(Y, Q(X)\% , f measvable
E_r?-i)‘g\_ Lek 5: X——?% meamu\a,bEQ./ uchh ok j[(X) is
Squ, in*‘%mLale, - Ihen
RUEY = B {(y-g00)" ]
- B, E{(Y-g00Y" | X}
S E E{(Y-r00 +e 00 -g00) 1 X
Ne(x) = B(YIX)
=By BELY- oI XY
¢ 2B B (Y- 0K 400 [ X
¢ B E L (R00-r00Y I ]
SELU-c00NT) o+ E{(g(ﬂ*r(x}f}
SR 4+ f(gm,r(xw" dR,00

-——
hon- r\ecwbj\,e) a,dw\uoﬂ to e i§ and
ogﬁ\% ‘.g {(1) :r(x,\/ wnmch concfudes &

¢ proeyd




x Remark: B Hhe choice of o squace o | Hoa w9
risk 2(363 takes a convenient /?,m\ We  soblisted on
‘H\Lf)foog og %8\@. k&eOrEW\ lfevak ,F-‘f a /%])\QA wm \_F,
e(f)=Rf) - R(r) = fqm ~r 60 ) B, (dx)

R

- E{( (00 -r00)'

= E{L(f00,r00)}

- zxk)ed’ezk R, -emor o; Jf i

x Geomadvical corsdecolions -
Lk .[;2 = sFy.c,e og square W\*'eé&a)o\e, R\/J.) androwed zw.l'&
He inner Ffoduu)c <)(’ Y o=E (X Y)) arnd worm XN = (X, X7
The disknee behwosen X and Y is 40X, YY) = %= YI©
SE(X-Y)*

Gsdar L5 € L7 e whopace of L* st of o0

The. best clement in L% approsineling. )4>’ is Ao ore fhak
mimzes d(Y, ¥OO) =E (V-0
ande TS OKWV\ \03 Ho oditional i
axpechation E(Y (X)), she we sawHak

E (Y- yo0)" y Yo
=E(Y-r )L +E <( (%) -—“{’00) /5(%%)

2 veders’ E(IX) ank —~ 7
Y -E(YIX) ae oerbwl - E@IX)

Soore l\nl(@ymio\& Q«V«bﬁo«s f Xi L= {;pecp\ Epon<d-

IS ‘W‘Lorjfe\,o?jomﬂ ]aro)’echbﬂ e£ Y onto .,[i

. Q.Pt-WI-QLﬁa un L:;U\arx% c(&&&]%(,wb:on.

IL\ binary class: Cokion w}-H,\ - loss R( ) =

‘3 0 ‘ ‘3/7C :#:F ) /
e sk og _JC%M ‘3
RUEY =B 2Y, f00) = B (Y £00)) =P (Y 2£10)
RisK mihimizalion &« Miimi M?) e mh‘clms;i%‘ath frclm!oll'%.
.’:E‘ = BAYE 'S RisK s 4a vntimum eg-\’Ro_ rféko%o-QQ,
dasses R¥ =il K(f) = wf P(Y+L0X)) .

§ AL AR

Theoem - Lot (X, V) m Px,y , whee Y€ {o,1} .
(Ve alz%w BAYE'S CLASSIFIER as

¥y (4 H )3z h

'S: () 5= { o g#\ermn“&c ,

whoe () = P(Y=1 | xex)=E(Y |X=x)

Then R(j(‘*) = R¥* = Baaae’s risk .
f_(i)_o"i: Lek JC: ’X——a]é be a meanualde g«,w,t[on.
We wand fo shao ok R(}) - ﬁ(3[¥ )zo.

Since

R -RUHY = BLY+L00) - (Y =+ £7(0))

_ ﬁ Y+ £ 1 X=x)
X — (Y 1) By ldx)

NEEY Jznou(\/\ % Sl«m Jrﬁwt VX{ fe iV\hﬂg@M( 5 hon— negalyire. -
Fiest, note. the:
?(Yi{f(x)] X=2)
=4 - P(Y= £ 1 X=x)
=1 -{ B(Y=1, =1 | X =x)
TE(y:O) ’g(1>10| X:_)L)}




-4 -3 E[A0=Dalfe =) X=x] O)
F E[L0=0)1(Ct)=0) | X=x] ]
-1 - {A50=4) B (Y= ) X=x)
y 4(f0=0) B(Y=0)%=x)
= 4 - LAy =) ) + A=) (1)
- ,
P( Y+ 00 [X=x) =B (V= ¥(x)) x=x)
=rb0) { 1K= - 2100 = 1)
+(1-r0) { 4 (F D =0) - 24({ (D =0)}
-t §0(*C0= - L(LE= 1)}
- (1-reo) { EF D =) - 4 (f Y=\
= (‘Zrlfx) -1 ) {ﬂ(_g*(x):)\ - ﬁ_(g () =1) }

GEOIT]
Iﬁ % is sadh Pk )z V,_ , Hen  20(x) 2o, and

Oor 1

s smdh Hok r(x\<‘/7,,+9\m 2c() -) <O, and
/M(Q*(t);l) - /l(Q(l\:ﬂ <o
=0 Oord
T both cases | He Prpa\m)c

(2((%)-4 ) { AL ( g*(ﬂ:l ) - ‘1(((%):\ ) } is fon-
V\ecbabmt , oludh. concludes e P,Ooﬁ "

Fok Eo_‘ ({ )= R(.J[) —R® . axcess risk under O-1 S

X Remark : The previos cendk establiden a *h‘?@\i' rzﬂaﬁb«uﬂdf) @
betweon the rzob«Mn‘m f)rda&m and (afnaua Mm,tb\ ¢ Ahe
vali Bg )= EWY | X=x) (lager o swaller Hhan l/L)

Fm& Aes  an of;lm{aﬁ PrLal)?d"br vn Ho  context c(f L:‘nar«a classityction

= ]X g(x) s o %owk rradiv\'or W e C106u/n§0’\ e~ ( i,eﬁig
jf is cdose b ¢ ﬁwa&g&,@ ean ) / E s naJial o
ask whetbor s lue compared o Yo fxwfclcs a Tmal
F‘zdﬁ"\w 2s well v & L:Mara dassiPration tasik. The
%Uoww?a Hheoem S\'UQ»S Kt the answer o Hin cﬁuwb\b’\

i< Pos'\h’wan
———W\epre,m-_ l.e;\' :[-‘- '7( —BR ‘o& o meowwLaLQe_ %deubn,

Rk T YT

%(1) - { o offenwie ’
Then ‘Baﬂd classi¥rer

) e Cane 10)
En(g) = B(Y £400) - B(Y +{F00) F7
< zf | £ - rbo) | By @)

X 2 |/L
<2 (f, (60 - 00 Byl )
) - N by = BV %=
rix) = A=t
- 2 [eq) . CP(Y=l ) YX=x)

N A swall axcess visk 2({3 ensuces
a swall excess risK £, (%) WG,‘ Jhe
assouaded bwma dau'\‘%?a— .

x Gnsequence: fou oy wich b molsl Ha ot disiibion of
(% ¥) (cenerATIVE ModeLivg) OrS\W\F?Aa He  wrdilional
dodubJion of Y[ X=rt (Dis@imnATIE MeDEUNG ), in
o Txl/\an\e)w(c contexck - -




(oo =

—_—

€

o =\

| ®
(4) = [E(Y¢%(><)) - R(Y +=(F(0)
[, = g('Zr(x)-l) L6021 - 4 (g0) =12}, (dx)
P! :

_ g | 206011 L (£60=)) - (g0 =1 )| B, (dx)
\, ST
S@V\ og 2»’(7(3’\ .ath % % s e same/‘ yee [)ca},? I

-2 g | - 4| ( L =1) - 4 (gho=1)

-

®, (dx)
—Lg 1760 =L} [ LCE¥60 +4060) | Byldn)
i ,E)k(;c) + %(@}%’W\

ea%:/ S or
0zt ) < o
Jl{x) < ]C(x) >

@ b jy F
o o) -1l <)o~ Q(%)\

o\fs\*ajca in red
We opk

<1
&) €

S i

Zflr(ao —g(x)\"g(Q*(xB #——%(ﬂ) Exﬁcbc\
2 [ 100 -§E0l Byl
2 £, |09 - 90X |\/~2L
< 2 (B {r0 -goo )"

/aN

it

XANOU™

The boumd s ot ’h‘ Wt N

o be o d aﬂsraxima.‘f'br
Dg %%/ we oneza \r\ucl:; am@ v $o be c?.oo-w\e_ Sayme &1‘0[20£
Eexe:éiwgoﬂ boundar: S and r do wot ned fo be dose
{"0 etAer. This o en .\V\\’Qr ceded S X ‘I’e\qt ! Lﬁ‘w\a_r
ci?&s‘&(w‘bfm 3y ,e:r\%;r ‘\tecm fﬁao(z‘is?aq\%a waw\ca ‘a”

I EARNIN G WiITH DATA

The |earnon

Somple fn: {(X| y,) I (Xv\ V) [P d
"‘0 u)t\S;\Tuck' Oka cz;:f;mr 7[,\‘. ’>( /——) (R /nﬂorz_. F/(eu: S’ o

§
5 dolained as e 03-5»4 og o PREDICDOV P«Léo:\e-‘g/ ﬂ/vzér :

m

\)A;: 791 (’XX%)L — M:= ot a\lmemuq)o&‘w
’ o fudions X =R |
So ‘{'&ak ;bt(kp,\\ N a %M(hm X -—95R/ Onck 7&(0\& )()Q
cepreents fhe F/zAm\'UL

Qabel A e unPJ' W x, co ed
boxd on He ‘&%cr;;e\m jA(/ ar\j’;\asewu{ \mQuf (m,\b,)/ W

)(m"r‘a"\
when Pere 35 wo Gonurrin | we wite £ A(L)

/g“(%) is andom //\s.\\/\ta - nhedts 6o m,w(lomrwn
QQ ’? °§4€\L v dom Saw\F\Q(&’eM x rsj%xd)
The risK a8

RUN - BLR0,f0) 14} = £ meamamble RV
N e aim ok smadl sk (with i

AN olw}o*.{u 3 ) o !NL“
LxFao\'wL ak [E { K(OL\X} : o f Jga ’
Alernaks

| we Joolke ob Wo axcess risk K(J[n)- R*}

n ec[uov@i%i
il

or ok o D(Fﬂ}wl acess sk E {5(3(,\)§ E“(j;)

E( ) Ti&k an Over J&Q OU-E‘V‘A Lh)(lr&\ c;JJ) ,fn .

®




r1 Cbnsisfenca .

AL ©
‘A nwfum@ F(OP@..'M, o_g gﬂ' s ‘{’e\cd’ i‘\X Fzr%xmcmc«. , 00 me.a:aerQA

b.a e excess asK | improves as o si2e oao RBon vincreaneo .
This leads to He wbiion °§ Oonsrs¥enuat )
— D ‘V\‘bfc\f\. A Sac‘u.f.vwz., «% zsb/ma.h’-é {JC"]] s ca,Qst\
@) WEAKLY (NS ISTENT o dastbudion ® o &

Lien E{E({m% -0 |

N 00

for o dasubiin By 3

almo&’i’ Ssufeeg,.

Gi) STRONGLY (onSISTENT

Dim E({i\) =0 ,

N

\‘. Prg\,—{GLu,L ‘H;)\e; Lxcéss éi’ék cemoins bounded )
as in binary dassibicalion  an “cakiion +P
g ;o appte o
Obvu'naﬁA Com/v/?)eme '}ﬁ.&orem shows ot S&vj
COASYSM 1m)>{°,u.u weal  consigtency Xw_nw
Fermino 05«3 ) (Sae P’ZO n PT: ONVER 6€NC€>‘
j[ﬂ mwa J)& OOV\.SISi’er/\{: 7Q>F Some. (PX,)// bf}'vuo{‘%' av\o‘;&ef‘.

A meoe ‘inbrﬁbﬁa ﬁ)m};@;%& wonld. be (nnf\d’eﬂué ,j%r awaﬁ Px,y‘.
- .De% nihm: A Sequence gEAWes {{n} s called

@) WEAKLY UNIVERSALLY (nSISTENT f iF & weaks
tonsi S\’€m+/§r 00 disfih Joions By og (X, ¥) ke
E Yz<uo :

() STRONGLY UNIVERSALLY ONGISTENT & s shvm,,dﬁ}
corsi Steat ,fx ) dishv bukions 1P, £ (XY ik
E Y <eo-

Shran wniVerso. onyisteat  predidhs N )
hrong o &y pedichs £ aie of Luinfs
intecest Sha +9vua tee T,; aavw]dvh‘c, g;r;ﬁyrmam(& wn

ama olualion . Sucdh redicdors © do axist , See zxa.m/p/e
o' K- neacest nei%\/\bour‘ esBonater , ontbe (otext cg’ dass}fcaiﬁ&).

T. 2. Minmax °Pﬁ"""e‘?t{l
(onsisten IS ovamab & dovvwed pe o an 2sbimadhor ’?"
Howeuver ué\ a(,h.:‘z %n% Sample sl:jwjﬂa gl;g.cmnﬂl or

) " Y, amp

wmue/oaemz e(? He (szeoh&Q excess risk mma be slow
The@?)« ) We az o onkezsted i 9@«\?& sample anters | One
&JO—‘% S 4”0 To\&\h% [ (JAM :P O% dbﬁb}m %v (X, Y)/
and. a Sﬁ\.\ev\(.e, {en} og ’)o‘m‘tlre. awmbers en YO as
0 o, wdh thak !@Suf? E{E({n)} < ea Q)

l k\ Atrernadis ;g mcua conscler
ra}250§ (}OV\\J@I%ZV\LL w‘l}& lﬂ\alﬂ lowloﬂlv‘f&% -

\
S = worfe case.
Serario @ Yo worse
o can achiew in

A ggs]lgle Wi "o © M o peedickor is ouAeak
t’?} He mwnaﬁt\SAX peiat eg ﬁeur %cx %‘;(zdrgor fn s celled

oPTIMAL 7&,(4&4 class P g ) holds mxg/gorsome_

cé(o, )]/(m, have in addilion Hak

it
L ° x’y — —

’ﬂ«a Szﬁl\/\en(‘_& {e(\} \S CGL,“&&L ‘g‘PrQ_
MINIMAX rate crg Grvergenc. %m
{/e\e clﬂA&S ;D

‘m,% - "INy ‘
sop = '‘mAX’




T.> Neo ,%’JZ,& ,Q,Umr.a\ re&dl’is/s(ow totes @ Dencte 'H?\LW\ ][” -y JtN .
Wwhen no msom!b\e_ cass og distbutiens F o o,uo.LQa)aQa/ oc
nghual \,\zsh‘on ik 4o askk obat s osRen woe cenwder P

FO(JZOJ/Q\JQ:/ C:J/_/N/ ﬂgk :PC :d}.jbk[o,vtanom %X{Oli}

hed by P - _oufvel o = fo(x)
bt s of all polabitily dihdobions o (%, 7Y - can Koot g 2L T"%w 1" ie?w"i
3 %.‘\A * rrwo\'vr %., whose. (Lxrw\zo() axcest cisk cow\\revam €Cx {O)\%
o 2o ok a "m&e,@&bﬁbﬁwo (%, ¥)7 Then  E {R(f;)%: FAY+L0)) =0 izl N
The avxswer{p S guestion i3 mieﬁg v\ub/m:@ BTSN 7 ~ /
andlo are kacwn as “No %’EL bt Hecorems un Hre
Litemture.

A
(Xl‘f) £ Ex {o}l&
‘ |
MK IED&N?}R(;M&))EZ T

[RERY

- NO Feec (unNCH THEGREM 41
- (% V)€ Hn Loy 1}y by oo
.JZ(%/JC)T_QL(.%#:?() T

e )‘As = cm&icﬁcﬂ alﬁw:'uﬂm rdwnwi‘g a‘/‘%u;\ibb"’ X - {ol l}

()\),L WCUA{' JR) S\'\OOJ “‘e‘odc

This imtoiies Jrﬁol—%, % (Yw(hm 69%05% 4
chg (%1 /5 , n= SamPfe Size ey N cdbseaationd &fam Ax {0, | Yo
Then Here exisls o destchdion P over X x {o,1) sk 2xisky o

| obimjt:‘x — {o, VS and o fxo\oa\&&‘ta
@) There axists o %wtbn J(;’)(_,{o 'f ok RIF) = distbkion Pon X x {0, 1§ suchn Hak R(fy=o,
. . e ‘ ) ’ (K’Q,;CD L E R( J i 0N .
@‘) N F(o‘oa‘a&ﬁﬂ = 1/7_ ove~ 9o c@/uonoe og 0‘(0“ , ose ‘/\muﬁ aw “"an“gn% A b@) )}2 /Lf y wQAwQ,\ n
MAR(A(V&)W Ve °

P v IMqahLﬁ tak R(A'(&D,\)) >/—% w.P— 2 2;—7
/ N Bren -(g fhee exisk « Fan%a& faaaa(,cd‘or ‘ . -
Bm{;dg,[(?"&/ adxxfevw‘\g 2ero risk ) Hee s o celatiin Trded % a randem vacaole 2 ﬁk\\f%uﬂﬁ*w’ m Lo,y ] , we
pes= high chance Hod= gon @onchuct o prectickor Yave Yook ¥z €le, 1} o
L)CULO(,Or\ p‘e\ lArl'\)O)C rFSk Y l')our\o(c_gl aufzud ?Emm ﬁD(%fl"%> - l’f U“—Z 7%.) < 5;\5% = E(Té?\'?)?/ ;( '})
(22020 Q@fiau\\% z \:,?f ] -2 W{MX Z
Tor avery padidor, fiee & o sk on oludh F Lails ) even YL EZ-z . i T )
Jf&mau@afmk an ko pefecky Leamed by ano FZJMW. e(222)7 === 2*?%”5“”‘8"“ 2=l BE224
: wds @ >2R) = !
pod = Smee X220, kke CeA of e 2a fobs PR > '

There are. N:= Zzw l(béb')lﬁ\& %»w\(h'oni K - {O, 1 S




TV\L)U!’ G i b% Si2e (2(\) \ﬂf\ﬂ& are M.= CZV')_)V) ~

SS:HC Secuents 6& /Qﬂ!‘%w\ n ,%bm e ( w)r(’/\ mrlaamewl').
(A)(L otevuo ‘]’B\-P/Ae, Aactw/\m Aﬁm DZ’;(M).

Tn additeon, 29 {x,,,.., 0l | e duste
£ e fe), <chgn>>

label wm‘%%%\nﬂbq
o ERAGDT - L S R(ART)

Theckre,

/t‘ {/L\Cllr ? “{'KL[)Q;;LJL ,Qzam.wlg ‘SWI&J

are f (0 (M) aM{ ‘ea(}\ have

M’ (USHE N . (), <
5 mx o 2 RGT)) 5 LT LS RALT)
L gy Mo 7\ N = o =
N . ”\ \0“ v N ),
ot e 45 L5 RIAL
Han \\avefa?c;r vl “é N Z (AL™)
. | v QY
an ! s smaller P Z Mmoo 2 R (A, )\)
Han a\léﬂl?j@” | £m<M -
®)
Fix mé{\,,,Mi, covsidar fi = {x*rv "ﬂ}/ onck

o be e bsevation wm & ok b ot appear

>\7‘;%wbm h- e, Wed,-N§,
LS (b #f0) 7 L S 4(nlo)# fols)

Zn e .

> S a(le) #4()

Hence
1
N 2

=t

— i‘R(‘jA(f,fM)/L)) 7

ey agree Wgwj@w o b puts oo bt -8
Yoot on one- v\
wf)lo Pa andh ‘
Pren oy O A AR ) o) + £ (o))
+ 4 (/A— (”ﬁ\m\)l C,)(O'r) ‘_'/—]CL/ (\S})>
=1
ond b, L 2_ &L(;&(X(WL {s7) %,F‘(df)
-k
%&ww&»&wm%% iR(JQU\p(M)’ )) = yLr/
v E, o LRIAI G 2 rwn S R (AE")
& <y I (€m <™ l\l =4
7 /q/
(/«M voncludes He F(ggg . ]
[Q\:Fl Theoenn 5.9 N UV\OKQIS"}'G\[L{M} muc]mm Z,earrw'\ﬂ_

P m <
L2 a(AR™) ) 2£ )

) 213 =1

N .
N 2 AR 2 1

Mz

L
N3

\!

R AU\

1
g
é X Some l’é[llv'/f}}r
j)o/t“t\m V\ChOf\S 3(1/_,/ ]EN W\‘o N/Z_

dishnck  porrs (3[ }) sucdn ok

R S T

Skt Shales - Shwartz 2 S Ben- David .

~_

_—




— NO FREE (uncH THEoLEM H2 @
Y S (X,Y)E 'X)‘(} A f;s7m%ss%m¢bn
'{O*"E\’QOLT“\W&&— Are aumber con 59 o

2, weln ok ‘/éq;ga,f); a7z - - Y
A = frzolivtfm QQT?\‘\Q\M ot cdmims oo an X - R

“Then % om-a Sequance evg r(cbm/n{m sdwwadon {y&(ﬂ’)} )
L BT X v Ul Y = E(YIX) ) amd

EEAH (A -reo) beman 1o

o R,

/KOU’QY‘W\L Mﬁ&ﬁmo@ &~ P*
A

th= EG ] X=x)
\(No ,%& Luncb Reorem }%r fe « An [o(oheem )

ffgg’g,t See O«\a,fj@*% o A Aiskiww %rp_t mwn oﬁ_
hon— {‘nrameﬁxﬁo fmgxwﬁm Laa_ L. (qyé‘r)%‘i o ol . :

# Toke f\\fazt,} W\eS&az%sL © Thee ace no Twm.{.ui reckeo ajz [
(onveaRnce .
U AN We nezd 4o ImYVa{. cestt fRon s en e dlilﬁd(\«hm
of (X ).
E_xv, svocthness cndifions o \E(y\x) y
. AA%QU@J’L«H& , e ..
_ (.Lioscl/ﬂ'z conditions . ..

TC. LOCAL AVERA GG )

Thm rzcgrassion ) = F ()’ X =x) P(ouic\es an
ofhw& Frzd.xdfvr betn I/TA = lon (onteoxt (W 5} and in
e context og Binarav da&s\%\cﬂhbn ( [05 < A natural
a.ﬂ;road/\ i fo mikradt an aﬁm ol on r based on Jocal

ARy ¢ velues o p ‘
a : o§ )’ are au—efo.ga‘l w a )QOQLQ n L~
bor\'woéx og % - More I:smui,x_%, we  tenolvudk ua

Vee X f6)= 3 W, 60 Y,

based on & , whee He wElCHT Euncmons Wa,, ar
MA«@AE faken sk ek Wai()Z0o , ad :\2 Wh, Gy =1

7
V)céx
A el o dilion fo emuce ool Cwero\?qu x Aot moce
wd?@\* chmlo\ be Oéx\u\ Jo Soservakios doxe bo X = o

%\Vﬁn mefre A , we shwld  have (dML\ weat r\ecﬁbara)
Woi ) = W, 5 00 i 40 Xi) € dix, %)

/ V\\Sx% W, )

The. label oJ}’(a(JA ed fo x
s a welahied MTCF&%( e
%urrmo\b% Jabels OS

/4

¥ (X, W g, ()




We dxsam e man ot ces % Ko wu‘cz@:\‘&? @
(1) Neacest N_DCC\L\\OOMS . Fix an wte K o {l, -, 0 3}7
ure\ere N denotes —w\e‘ .Samf)ez re. For a melric d on X

/

and. a]oaw ®EX, we da.%ne_ N(K/ d, x) 4o be tha

f&héom W}QSZJC Dg’ {X,/“) Xn }{ Oovv\Foéﬂ:i eg'}e& K
C[.o)QS+ FOW\"\Z J(D x . “The Mbocia}ﬁd uulv»cé‘ﬂh at
Wn/i(x)z P—:— 1‘-(Xl"€d‘r(\'</0\/)(-) ) ° “
_‘. c._'_ o
i 4o 4
t b e o
th‘l’,S 'y \AD.\S’Q. w&%\/\*‘ ‘/L'_’/ ,E'. °
whle rmam% OLDSQrVa,h;ong o ° ° K:‘;\ )
‘/\Au',a 2e(0 waua\v\t The (ale

athached o 5 is He aeroge_ velne_

BSJ‘B\L %ur mﬁcawaours
This metod is known a0 K- neacest neighboas (K= NN) wn
e Liltoatice N

@) Parﬁjﬁ'o\wa_\ let P=-{ A, APIP } ke a‘;artcbiof\
$ X (ANNA =g id, et Uhy=X), ad
Jok A(x) denctes He @l in P cortoinme 2 . Thea
rtﬁt(omn? _eékwy\'au"e (akk hish am) s Wed  4p
T ey e
:gn(l)~(§>/ﬁ l(XléA‘X)) , 804‘&0»{' U\!n/“(x)= )6‘ x

T Za(nenw) 622 4 (X EAL0)

© | ‘f// . .. " / @

y o
o ' /%—W\a (ke amounked
~ Wit w75 o
~ @ AN value e—X e
° | MIL\S a,bl’cxclv;ot o
< olo&enmll‘mj belongun
_/" ‘&) "‘e\l Jame Q,Q_Q M‘a‘”‘?} .

M,SGM%A} are- %w&m\e W , wbere W dencteo Hha
S\(Olﬂ./ﬂzv\c@a oﬁ-“e\L wae, AJ

~
| ‘59\'(“@’3! rbein X=RA il A>o{, o whic mex(zbﬂ)ﬂ

(3) Kemel estimadza = Ancther I»FA.QM Lncal aeroguiy procaclure
Jo baosed. on l?_ernQJS,WQALoP/\ ove %Mtho'\s K: aRP;\P\,;. ;
oidh ae MF‘-@\QQ»A wimodall  andk doccear fo zaw as x w0
KGA= A%< )

I 11—
.‘
—— g {

I 7 x
The kemel estinade is dofred aa

)

T’gr' xxamla\e/ V¢ {%) - &.xl

- Xi x- KX
:?,\(71): ig‘-ﬂK(é—h— ) & ) s Yook AYCAR w\K(T)
= K(ﬁ) Z.K(X‘X&')
=1 W — _.__.h

Mo s unally dred foar Yo BARDWITH
(A);‘K/\ K(x) = ﬂl(ll\ < i)/,onz_ 2s\Vimakes ‘{‘etﬁtﬁ«r%ﬁm N )
'o% e~ diay He YVos mdh ot e distance bokueon 0 and

x 08 o Han I .




W _ LEARNING WiTH HYPoTHESIS CLASSES

(,Uv_ Dg’\;i\ rzﬂ‘ﬁc}\' ‘(’6\‘24 &a.rcfe\ [S) “’e‘é/ (yp.obld'fa's %\y\dlo‘\ +0
a Jom 3 og cw\dléa)'eo/ wlidh s a M;Jog%m}e@

mec«wraﬂe,%w@\s X >R,

-Exaggieli () Class of Binear Qc\.u\dbms
T: %f‘ 'RA—E‘R ] JC(X,) = ?o«\—%\'_’kl Eﬁeﬁ?

er*

@) Clss DS Fy%nOM\\dLQS,

XK= {7[ R—- R l f('x): t)’0+(511+“’* Cbaxd/

x€R, PreR ;-_a/,/A}

() (onvax ouvs\dmhhx vg basis gl\mchiyxs

F={Z Bfc | Upuse, LoX—-R Y
@) Neuad nej’werk.

L LE -
7o {5 prloton | ppgny

U‘(%) = &

[4e*

o The F(zchdim anDoml&m A rhans o %mabm%mn%&n Sows J€ -
A U (Xx%)‘“‘—;:w e danohe s fondien

iz

A(in) :’\Fﬂey‘ Er & %&S %A\Mb-o" QQ} e sk 03 :Fn
s Hon RUD = ELAY, L0V &0 ] Realldeat RY
Jowkes e smallet admarable K R¥= R(J(*)) et

¥ maoon RUD) 0k €)= RUL) =X denokoy 46
3 “ﬁn Nm‘jﬂc J ¢ Jo) s T .
J,X |K Lxess S :

T.1. Eshmalion vs Aﬁrouimﬂfcn.

A se o ixed class R
'N;. \M-Va. ‘H\e_le“owuﬁ,a Ae@m\?ﬁh’mr @ﬂém‘,&% Lu%(md fﬂc}f Iy
8(3(’“):' R(J:") - Q* / Lw”l’\zo‘}’JbolO( " 9@(/\@(&,‘/\ -

= { R - VZ&R(JQ S ap R —R*}
ESTIMATION gRreog, APPRO XiMATION ERROR.

( rondom ) (hde}ermm ishc )

measnces the Mmance. non—pegelive. wre
:gr\ @W\Farzol bﬁﬁ best Qﬁ oen ¥ TP rs./ svodo

Po&S]E)e, f’eg\(a\or e He cday of meanirable
. _ﬂna iSE&'/Y\i\a/bbn rror '%,Nklb\s >( - lp\.
/Rav as “‘6\2, o ]e_y'f s —b The a_)pf){b)(mm e
(_}71‘/?:;;3@, <Sihee sﬁuiti\%, yJY S . v Mig\ﬂ_
:(f«\ n k?%vn oo s mece MFI”'% of\)’fmcrew,»eo

d\an A
O/N?S/vxca,
’t/;rade-a@ -,
cm%ranm% e appoximation

eUvor . —p me;"e\_g o—g sieved

)
W‘}Yo i\ l\wa {‘e\& zd\Yr\o-ton

eor—-» PAC learrwvfg

.2, MeHml OP Sieves

The basic Wea s Hat as N nreapn ol can afiord %H}mat
J
ware. ocm‘)\zx Modelo ) So Hhad l\f\&baoloé? lz&dowﬁa e clas cg,

W[AXA&){ZS %Xe(kl we. conader o~ oQLVD Q?n w\/\m wvr&¥]%
iw&a?ﬁow‘»}&n)&?fw@\ y;CJeT‘hc-.-.Ii‘m
2ddifion Ko sequorce LTS 15 such ook
W R(F) = ¥
Je&% ) :




Hhen $reo aﬁyo»mrmh'm ero>r yanishes a0 N0 . Nofe

‘(‘Ea*‘m{'e@ tontext o% reqresson i fon SCIWe Loss , e qp(?vmaﬂ
fnob:u\vr' s & Y‘X:x)/ o food o can trke

Wstewe Hhe don 035, Faﬂ,o,wma!lo %‘\ﬂwwﬁ order zgx‘ Pe
Saﬂwy\% {\3?,‘ f( ( "mJJael} Ko l)o\«me‘aJs are dmse on TR
Sfugz og continuovs %w:i«ms) ool Auve o e Sfac_g ,(’l)

JV.2. PAC (earnw;g, )

The (;OV\CE.F" 55 PRC lmrnajo}Q: &AA‘(—&UCS ‘R\e/ F@Heﬂq %
ﬂuamjti%ﬁv‘w% e size eé foe 2sbimadiion eror.

Ly Tn ofbec words, e o given class o} candidites F¥, s
i+ Fvstﬂlo\e J ke angy ki Slion of (X, ¥) Ao seledk & FF
a ]mbc)mr whee rsk  is M&R%«ﬁ% e Ao Mzg e
MWA;J\»( i ek da
—PAC learnds &l - A hypofhesis class JFof Lundiiens s
clled PAC \ea%mb\e, ]g E}ﬁm exisks an aﬁn%;\' I:o%nomfde
EYOR nﬁ;(o/\)l—P N ad o ‘arw\if)ﬁ»r o €T
adh Hak V(g 8)E@E,NDT ) all 02 ng(£3)
,Vo\)\éﬁx&h&n 03 (X/Y))
Re Iﬁaqwﬁl% e
Rlﬁ)<g2§ﬁq%ﬁ;'
holds oo Hn Fotala\e;&a Z (-8 \
\

5011—(]0'% QFT(O%‘WI}Q&? _g“/v'ric/f' = %(:

PAC learnabifiby s fua Hho o clarm (z5)
adidates FE As we wll ;):—:F j/v?\ L) c;%-x/'(‘ﬁz

60*60\[‘2&( VC oumev\&l\on Dg J?‘ F\au&) a 'u.a (O\C [N ;&s%“%
obetor a dass I s PAC learnable ornot

T _ emeiRicAL RISK MmNt mi2 ATon

In addilion fo lowk av eraoiey '\‘Lc\nv\}c‘m ) anotfier commen
adﬁy'nl@\mic froceolurq_ s kacwn as E“"’F‘Y“"‘e Rrske
fl\;vﬁmhahbv\ ( ERM) - fe ,Qaa(mma Sams)]e Ln so wsd
b appoxirate fo Heselical sk R(J)= BL(Y, g(m/
and Hen we Huis aﬂ)fo;{ﬁha.tfom ) F\zk e %.mch’o:\ G e
c{aSSog candidates F ol minimines

l‘i"@ﬁ.t_m%&z EMPIRICAL RISK, s Ae?@ut an
N

R, (§)= L 2 &y, fx0)
K

N o Pxed Luntion P €FX Ko law o Lax\ﬁa Nombers
%:%ﬁ 4&3: 2., (Sc) s, k() a§ﬁ no 0

Ew\‘jﬁ@J Risk M]nfm?zajl’on s e [cfocess eé) chowfa a
odicror {6? b miniwaeo He empicicad sk

f K P

A E M Rn( )

[ € s R

‘\

X .
~ Tlﬂe,, Minwizer (S Jm‘}’ necessar

&, unigune. .
ERM & « %%eraﬂ f&cirm(c\wz_ jﬁﬁx .So,UV\;\g_ -Fﬁj_ &MM?”

Fo\o\&m) Lot T{ou?&j no @M‘o{anu)_ ,%)( cbns*ruxchi\ﬁ :)C\ foﬂfo&c%’




T some caps e £ fre ssion c‘g He ng.Y.ca,Q risl @
minimizer can ke c:om}aufeok szaw"ﬁ?, ([—:f_ ga)uwmz szf&/
JI: Spce of  Mnear !r\otb'onsy L»* gt o(f he Gime , Wwe NOA convex Mhbn &‘O

pee of Hncor Funchions ), e fundion f;
M 0{/0 “\t&t& a.ﬂ)@x?mdj"&% . me’ mh\n—mizaifm %aul{ oy ﬂ\ﬂlﬂLﬁ- N A Conue X Q[ZLSS :E \ v

. s when He class TP is Tete duce o
cavec vhen e Loss s convex ) and. vithen c

(onvex as we" = Shmclam( A%aﬂ‘e\mfc F(oe:o(ur-w ﬂbﬁv&a, —n’w, co“eotfon c&f%,mota\s ‘fadaw&
values in {_l/

To wake Hhe ?b:mi 2adion sk (%) a convex optt_lwf?azthn @
P(ouem ) we neecl fws W\T’Cd/,em‘l’s s

wckron
t) =1 ad PRIZEB

l} 5 a nen—CopeX V2 X %\Ao[)/\a wdilon iv
ek as Soon as it cotains Ao alled o comve'x sureosATE

xEXaM Ez; ERM rL\\f\af c(qssi cXon under O-4 Doy -
——F &O“ § %

a ' ) o cloments = inskad, consider e
S € e 12 A + {00 ) s of Fockis hgwg e
) ;g A . N Moo B neifher 71‘9;‘_’—, i the Tnteral [«l’ V) (fﬁweyf_,
{%mﬁa\j X = {9} } e /?o;r/ hor 0o class J? %Avxuhbﬂ are. rz%mwt’(’o as SoF T CLASSIFIERS > ) and. fhon
» _ 5 wavex binar classi cation actordumy fo Heo s Hhe Jog‘b
@Ir\ ]:rocb;ce/ %NK A jf"‘ [KS ukl*radable_ ) RKC?—F}' wm e %,w‘ Fﬂ;%m\\ a ;% .o 3 » @ﬂ %
FL&».Q an (@S . F:‘r”?\slaww, w\%w“o&m\‘& e dass o& ;ﬁsgng\w zm’@mﬁf e fﬂtwﬁ% . ( oo caded
N 2 i _ - N (. ; RD (LA SSIFIER
Lincar pedichrs T {XH&?)n(P;Fx)\E;g'%\d%/

ERM consishs in Jo\vw\é Be  convex olp"tCmim)&b\ ?r;blem

and. pe vided Hhe ,@earnmkg Sameé pf\ is ’Mea/fla &ané{“ P

Fe sk i velabively sasy ) and S o o pettephor W) Jo € mapon L 2 Py p00)
a[%zi Jre\m. In ‘T‘é‘% V\on‘a; SQPO\raL\& case ‘w\e 'Ia.}k i§ more. i ffeJ:_ '\ ‘ \i *U"L"“?j values in {—{/ ]}'

(,Lwt”@f\%'v;\ ’ A common APFOULL& i +° @i Aef i as Cl&ﬁ&\og &c%l’ Cla&ﬁ ers \ A CNULY M\fro%o«“ﬂ_

!’elamﬁbﬂ °8 $o 04 Loss: Hre or(@;nug ERM dask cam be

e e A (\a,‘}w’aj O)u.esb.bn:'rs Hus « w\eawihzz&,& Kuvig Yo do 7

. i \ A ; . » D we \ave “exea“e;‘\‘ca,\ ey en e ance. D‘g Ko
(*){J(n € ﬂ%ﬂ w ;:Z\’ L]Dm_( XJC(XLD/W&&‘{— L|0/11(2):ﬂ(270)/ ue,wxjjr‘.caﬂ risk Min]miwab\":& Q(*) 7 The antwer b Hus

and. Hre res ponse vacable Y 1 assomed fo fake wluason {'(,\i qu&sﬁm s pow e, o show +€u1, we wio due the P-risk

This expression Bllocus Lo e Lk Bk Yo # 21X
S £xpre % s Ji <j) S %) <o

05 {6\7:6’&5&«:550 claas}%e@ :

R (§):=B C(-74¥)




A Lo wr?“-(,

J[: - m%;&”;“ Re(§)

* - .
Kﬁp = R, ( J[\p*) @ x RP-M l:(t In Erachce , e PQJ/%(MQI\UQ e(g Hhe hard @
C\&SSI_%N SI%V\ (§n> Coﬂ&'{‘(uU\'QA ’%m
_rlqenr} is po&%}ue to é'eww ok
@)‘ P(Y=1 IX=x) 2 /h & sign :F:(x) Zo

b is evalluaked
'aa meant °é) a CONFUSIDS mATRIX in%\mot oo
g © < Atruth
. - 4 /TP FP
/\ And. 'i'ﬁera%re/ onvdernyg  ERM o§ 4o wrroaﬂce Noss ever o (FN TN ) ;
“”B\Q Sfx«g,a o(f So(% classiesis a meam%@ -Hiww%‘foiq
More ouer ; it s SSTUC_ +o ,Q&\a)o‘ia@\ under %{ nernl) amuw?ﬁ'mr (600\! rrzd-c‘hoﬂ
Ha existence o?& constant C<bo) and Y€ [‘a)\—]‘ sucda where |, TP = avmber © EM _foa]h'\ms
Kook /Bajes Pisic ’ LN = nomber True L}leaab:m
' TN L ¥ . Fp
@ Roa (S £) - BT < ¢ (Rec) - R )
Excess risk

i\

number og :false, g_osﬂ\“uco

number O{S False I;lacaah"m

. FN
of the assocedked s sk of the Note ok TP +TN+ FPALEN —
hael cla .&5‘14{&’“

Sog% dasﬁ{ﬁj

K If% e oxess sk Oga soxb classifa s small then fre

= SaW\.Ple Sw .
Moreover, one umaﬂbj wnSider -
l > TZDY@ e TPRz=Tvwe Pos'\’\‘w'z Ro.v\z = TP aea S'emsr’wm)}
O-1 excess risk Og foo associaked had clasifier is alse = £ s -
smalk . . -
.TNQ’-‘I\N-L L\_) ‘FL@AZ\'Z: J_N_ (JQAS e facd
> Fr F"{S of (1) and @), e chaphec SL: (nVEX RELAXATIoN Regti & TN+ FP ‘&M
xEmmFles o Convex B\Arrooéo)res vnclude Hhe %“Mvﬁ% > o w\w‘&/ Hrae 1 Suﬂyjr ){é } cmb\duﬁ\%’ ¥ (o) o
© YR)= ( | + g?} - |oaiﬂ\'c. reoorzss‘uo\n
@) PGe)= max (2+1,0) Shi e lovs T L5 SYM

K %M\Q Frzdj.(}br . Ia Ffaébfw, l\me’ one. rv\cu&
) L{(’CB = oF \\ZXPN\W\M.! loss ' = AdaBoost

oaS) der moe aaquQJa e %Ulmwma »\awt c\asﬁ%m;
x

(>

B 1 L=
(’X_) = { XTI

max (2H,©) o "5 e

S ﬂ(a

/
Xof a mf‘ﬁﬂ °§ values Oj Yo Reashold T, TThe man(_
T
? 2

g& 2o %n S sAmman22 A wh o om)%m;on madﬁx) and 7S




ashrmary fo waidar a ;dmf;&;caﬁ F&)Jr kacoon ap A @
RoC CUWRE Ho CCW\(IA&W\QFF%(MMA(—Q T%TMT

IS varied. .

(s A ROC cusve plols e sewiviby of a0 o Rundbion
t’% ( |- Srqu{dtas ‘ Rectiver D.F-?'ah“% ;C’,L\orad-arrskc curve.

N Sensitive ¥3 L Pr%manm 3 %;r
-t ‘alac ualua
J ; for o
Fer%;/{' var g/ T 08 T
dossixer aceo here is called ﬁn’ea QV\A&"
He Curve (AUC) 5 Pgn%oy Clad.s]%ef
- v y has AULG =42
© 1 (- s’:ec;%uiﬁa )

On Hhe ROC wwe e dishnouwids Lo : banlon pomds -
.(o,0) = Qwol)dafss‘\ ec u[woo:g cﬁ;‘;% o O :
. (|l |) = c(a&S?%e,r a’wwr Cea,g»,,)j.a s 4
.(D} | ) = fw%d' c[ass‘&}er( cine frece ae no ga})ae_g
necaakwes 2 wo (%Jse Fﬁhm)
«(1,0) = Ho nocwade lassifier (s there o
/ ) ic%vuf‘a Fm%b&( 2 no &e m.zSereB _
Tn addifion /Sa random  guuess cerre spondr to o Pomjri’ oo Yoe
di ¢ Since « A iJon correy pends o~
L\wikui}}j and. ﬁ; s:c;\fdhg/ w&;% aove.
H o\moéyuQ oom?-SSD\A bo esPimadecs A betkec Hham
& vatndom es uriade P‘\r\\' below e AiaﬁyaQ_ corraJJlmoLk;
harde (,l&&)p'%ws Fer%(wi-a worse. than & random Sl

Fo a Jémmin% somple L= %, Y0, (XY
\(L 6 {D) l -l‘( %\e' TPQ ﬁf\a FPR e “'exﬂ-‘rekca“% Ac%necl

@as

{
Ter= R £,00 =t | Y=1, %)= F ) :f § 00
|5

\
TNR=R (fL() 2t | Yeo, 2) - \?o(t)zj 00 &
J €

]fwarclt (fasf, e

(o] —_ ' !
AUC= (TF 0 dF 0 :Jf £ d [(6) ak
e ~ &

\
SR (L0 2 L] Y=, =0, £ ),
vre\ere, (X.)\\/\;l) and ( XO/ \{0;03 are. hoe \’ar\c\om%_

bd “méa‘)eno\e/r)p?;a chosen Foirs ,
2 AUCG corresponds to e rroubzﬁha Hood e acore

}ﬂ()(ﬂ is lmzae«- Hhan :F\,, ()(@)/%r %rar\clov‘&a

qenerted ample (% IY, =) Jom cobagory O.
P(LCL:C"&A 4

Ffec\)b\—ad (o)

\ P4
4 ) ~ ~ N TN p\ = 1_-_@
o N

% Remark . Proloolor \; shic in)rer[xel\aton f:g AucC @

ene (‘5:"24

Samr\e (X\ \Y\= | ),%’om ca‘\eobor% ‘J and ,?x aranci:mg?_




® I\’Y\IOUJQJ\C?TA Aa&u&e}s. TIn mama_ in"ere;"\i r\a rme— /Q)Eee_ @
Veaons , 7 rosﬂiue_ closs s vnder— rcP'e.Se.vh:_A (e % .n
me dical otﬂvhcahbn / deXauk rcL\’E—S/ ...)

~ The TNR s ac N o n oj’
[ and e RoC aive isVadi¥io
\ &\/\I%\’acl o e ,,QQ-'E)t S Huzo a%
"\\ a»’ﬁi%o.‘an% \nueas‘m% He AUc .
| Bot s s b‘u\s\"ag conkai\,ua/\u: ﬁ
deafing with an ‘:m\ax\o.m_ﬂi dadaset ;
ond wo, to de coite bedter
G Use Pecion - Recall wrves instead. “these do nad fmke.
inko accoont e TN .

PfecijTon = TP = oForb:of\ Vg (g:\ﬂe,u:e_é. I‘\‘em_( -}«e@d- are.

A Clcu.si%er oxacttess

Recad - TP o e id Con b§ celevant trems Yod are
Meved dected 4
F(e_ e

TP FN

Fnzd sien

2 (e woet o Wigh pre ciSion
ond a l'\?%\'\ r.e,ca.-QQ‘

A Recsen

! ‘1\_\_\_:" \ besk

Meher
} > Recoll

o 1

Since. we wont a cdossifer it a high e osion and a .
i Aﬁ% (AU @

%\A vecoll , we Ma% e anes medic ok measuiey
-P&Q loulamca between ‘I’B‘A‘M

. Atempt # 42 Acdumedic mean of Rz Re: _Zi_(Pr+Rp_)

Wbm‘r J'RU‘JTSM*o\ d mespure, as it o £
,\f&ﬁi\am er o oblain o %:b:: an -f&ma%‘; mean % Fr‘:zﬁan

O;V\A reca”‘
i
. Aﬂemri 22 : Harmonic mean I = _ 2xP xRe
VIO o
slorm)  freke

Colled e T? seoe
J’f s be)ﬁer ag +B\c \r\am\mic, mean fena)lizzo mall u‘aﬁ»u .

1€ .
+Re. d,if
iy | T —
A
T e
0.5 o5 L '(:,’; -
A —
b7
T T
¥ + > 1
o I cecall o ' cecoll

Ac¥meic 2 Hormenic meons ecSion and ceall

o %Mbb,on eg wsion (_i’é?-j’"_— - ai___M .
P J p) J ) /

e ) and eall . A ook goie of T requices

o~ L\Ta\f\ "a'eols?on ond reco.@l/* owich s wet drue %} e

asiifmeNe mean.

o QW\(: K~ claes dass‘i-%wf@on J Re ctsien ond Qem“

Insfiﬁrecl ba Re Bian case ‘ : e
|

truth

—_ TP— EPL 11— Fro,u,'s}on
O] e | TN
P\'?.Alc'\'ea /, J recall




(;0; A‘:c e‘je;%::_j i Erjc&s?m ar\A e call ;%OMJA 6‘& ‘\’%\& @

O ] 2

ies K
o |Tf
{ TP,
-7 == s 2ciSion ¢ exactness
howo ks hems predicted
. as cdass e are 'correct 7
K T‘PK
c'm%xs‘son madVi X
Preé{c}ea\ class

recall : com leteness

hooo mudn og tems %’om ass b hose we
retrieved 7

é, S‘lm\\or%/ we M cLa%Me e accuray (3‘8, o \é‘nwga_
C\&SSH%@( as T +_rN
TPAFP+ TN TFN

K- class daSS\%er as (TP, +-- 4 Tee)/# ag obsemalidg .

An unkair meltvic mbalarced datmseds ,
as &Y‘%%u\:\ umnciorrs v\ﬁ\" an inm ac
%OOOL C\MS‘F%?U ( PR e “u:nx\\a ’m%o:‘eﬂ % Hhe
ma.éaf? 4\6 class ) .
@i&_{: &lﬂy\(_ﬁ(l Acaxm A

j ‘:#(‘—Qw\ser&l sam]oles °?i class |
? { 3 &xm}:’\es w class )

y M\A»‘}QI\C W@U% Oﬁa\

4 recovered samlf:‘u of class K
TR
:ﬁ:samf)les in clas K }

- /\\;@»@ c}é (:3/ ce cadl Ol@\tt Wed on aa (,IC\ class
{ {

Remark Stahisheal Moaleewg 'V The Toe Culluces
(leo Breiman 'O D

leo Brecman's Zool oo lhad e mpad o fhe w

. per bod @ g e
slaJ\‘s k(aﬁ M@deevﬁg e ikoL ’fD clrcwu L\Az\(ﬁbw;oqf from *W\,e_. aa’
didex . Thee ara o moun

#1 Assume. a medeic tmodel o ik — out

relokiion s«@wgwjl o /% | r‘bt
\ Jder oo pur A

H2 &X\S/A«&" F‘J»J‘a OJZSGV 'w\mnc fro(eo(bu"o_ .

ﬂ}afxnob/v‘% on obuda ojofrpac@\ (éou\ LQAWSC

EQoert indusins (and et b

et wm a &%@m{\’ e 3 .
e sz‘D‘afw\ e oli;%geremes 'l%\rwaé\\ e Jz;&e gé’ Kinear reﬂres;gi )
and. ﬁ%m\)c rze?;re&sim . §

och;e\@ B

J LaM N\Oaa rth»OA

o Linear reqre SSion .
(9)

ﬁﬁ{oo.ch #4: Assume o shochashe nmodel Ho celadion -
SW? bdween X and Y u§ e

. Y= B4 VXt 2,
where % F; To

— XER / whese d;.fmh,x,tor\ is Lgk m\s.ixul%‘e:}
—> X and € ane wndependpnt
> £ ~ N (o, s?)

GMQ’: zs‘F\Wth\ 05 4‘9\@ m,oo\eQ e}ers ?0/ | and q’z.
[N\o{e %ev\em“u(} , assome Rk o ()‘ohnjr deshviloudion er (X/V>

i< f&} Raow “p o a Fa/\ame/jf&f & €6 :‘x\rqme‘}'ef' space
OMA Aﬁ(v\o}z 8“ WSl

\(\6 !\;lmﬂ\{mm (ﬁzllﬁeﬂ»lmwk ;%x Qxa.m/ok j
&}d},ﬁ(}’\uﬂﬂla N Ay K, e MLE °§ Fp and F;l i
dolerined by waximng Ko Loy Likeli kool %chm

L( Po,?;,, 0’7')) 08\\:—60\ LX@




A Fa, F;,, ¢Z) z\%{ (;1#-)“/1—\?1-‘ 17(\3(» 2‘:1(%— FO'F,xc)Z)§

S'\\’lu& (Xl) y\), -y (XV\, Vn) afe. ']Wée,?el/\e\ew‘/"}
ankh Yo ] Xi=xg Nd\(’<§o+§7‘xc o >

L PO ;laazw-_‘, %’(\35'?0‘ {5.,&)1‘

s 26 1=

2
mlhilmiu;a 4o Jzoaj Lkdlh@% w i rz:?zc* Yo sz, F‘)é\is
Qﬂwua.o.au\}c b W\Mln\tum\% gf(kah - F)o— F‘n) Lo
res 4o od B,

‘mftme Tb\ mf/l%. o4 o ond P S&bﬁs%:

D) (5, B = agun Z (g B pr )

b Ebr

M\we. have mwéw caranhiers ;%» e qmﬂ)ﬁa Oé)’ Yo
acimates (?O//%l 3/ de duced. 'grcm Fhe %{wamﬁ iozo/;e 25 °<f
7%, MLE: we /E\auﬁ nsshen ( vovided Ho moded
woredk, ?o, T_b, 25 Fia/ ?, ) , and MBMF%FC mormmﬁb?

He cegression | ouem/ under a
square ,Q)oss) acd 0 ver cass Y °§ Aneac %*Nh_“mg .
(o = wgn o Z Ly, J60))
iz,
R Fo-r]?:‘x t

s wgwn L 2 (g - )T
;*é”oy a & Cac - &

Amd& #2. - ERM

lompoce whte\ mn\r\imilafhbn fask (1) :‘M\P«g ae Hhe ame /
However , Hhe popeks e  ostomodeo (’V ,"'l Vo catbrer
dl,f%efen{: i mgmmai itk shoot CE;‘JEW« amd.
as«amr%\\‘c n,ormefqo f (‘%L, Té,} dne ae do wot -
asiume a shochashc  model (X,Y) + no aswmplion
en f)(,y here . In pakiadar , Where are no oxumamkuowv){
He Ofﬁm\aﬁ Fre(bidw EQ’[ XZX) is Anear an .
meav\ir\%'ﬁ,\ﬂ quedtfms in His contord + whad i e ashimation

Lc {dé(ﬂ\ _wé%q K(;)} and the aﬁroyhrmj&bn e

4
R ISR S
Lk 4 }

X In__cbﬂﬁ ; Aﬁxvaalq #1 u‘scw wben e foskc s
mare anodv«a sy have M\fen.\% wvidene o a
Mrrbtatb/\d'\; l’uo\alf \Q&Mn *\’exl?(\?} ahat‘('e\&wwl
O.M\‘am\ ana ‘mjrer,zg}y(w ufnter‘n\rv% e (ﬁt%u;ew}s .

AWM H  wepd n a l:reA.Cdtira sk EM#M_SI‘I i$
m eokicb:'\%%ﬁeu Labed og A NN (Sl\f\(L k)za_
6‘7‘3"{‘*&:‘7\) we are minimineg  a Joss >

& Th e goxample Hhe Aweo concdes uild e same Mz -

) aii |

ton Vob\e,w Howewver ) Kiis 15 et e a;jev\em,Q ; and in
F\,&Lweaf/ His 1€ wot Ve 89 e 2@65\& rzoﬁmssim (Fra‘o\em :




. Loc?‘]l&kc_ re?re.ssion @
Aﬂ?mdﬂ #ﬂ- The sk s binac clacs\Crcation a‘g He
response wrialole Y€ {0/ [ } based on e peduidor XER.
We assome. ot Hhe rdahanQAL(J behween X and Y is
C&.F‘{'\M’Q&L ba e S}oc\/\as\'?c wode Y = ﬂl_( -\—Fl)( +£7o)}
whexe théR/(ﬂi/\ﬁj-Q Aistvlbton © le%{‘ uns\xd?al

X adk € are "méa]aeméem*‘ )
el siaomoTA disilaudion : Blecw)-(+e™)
= (n)
" - 0 - 0 - -
2»\?:@ 1L|;l-5 Mﬁ:;f;: Ko J&Qy\ear reee ssion medel PR 32
L eckimakion e mode! Fa«\ame,jrers B,
-1:0_3! . MaXmum Lkl hoat esionadion (F;Afh'on%

on x|l~-)%h\ .

{

(R = BT By 1 Yem S o)
- 2y { e Y

/A whhere = o F‘,f‘a'”xﬂ

; 4PVl | ¥=xc)
Masi mize. 'HH‘S C[uanhta (‘ f\ -

i s , Note Wt o () = 1— o (=&)
(Ni'H/\ ‘md\’ \»o P,,’ F:'

W\orwver} (WL e cover ‘WIQ, UJ'V\.&,Q{
ZXO2SSIoN she regression
e A | T

()l:l s X:x E _ %
/{7”05 {(EW:O) X=x) @0+ F‘
Anm\‘akme MPQS&: on og o MLE & not awcalalle y bk
e use N?M))N(\ /.S Iz:(ocs\.oUA-"L Yo obain JLS\‘NY\a)FﬂJ
twamneds cally As e, fyouiAwL %mm I3 oomv;d:J
ngistency of the MLE ,@»@nws .

Aegoab"\ #2— : AS a .wabma ngﬁ/ we. make ux bf‘fﬁi— @

sson P _ ke ool fmyious dorved , ard we
iﬁ) ‘J‘Exod' W\Od(fria\ 2dxon '}a.sk @n Lemﬁéfm&&w o A
EKM r&@\olem, W|jf?l\ on aﬂ?’bFF\CdZ VOJ@‘.S %«V\chb’\ 4“"01 C[C{SJ'J?,
YY\a\;Jmiwﬁa Hho. ,Qea_ztww 2( F), FD oo m‘)eol*-k;

]&;\, %, S zﬁ}@aﬁﬁw‘\’ fo mintmi zm .

o TNy g b erp )]
‘f . ,@o? {( \uxFUF")rFX‘D ) (‘Hﬂ{ﬂ%ﬁr%ﬂﬂ)

i 1\2 (H5(136’*?"‘”5e‘("‘ﬁi)(\aO*F'u)}
AP
Pic yi:=2y-1 € {1,
N I ye=o, xa-::-ﬂ_ and
doy {3 < ey (s a?"?"h‘)
: Qwa(l R )
N T c=d, ub=1 and
Mf 26{} i %( . [(‘3;%,:»;))
- %(H e 95(Po+]3,xi)>

—ﬂl\z OF\EW\»\'M%ZJ\ F(ol:\em is aﬂwa_ew\‘l' ‘I‘O
o “2 %( (4 a—tai([a,{—(a,xc) )

Ny oy
) Pw?\ A
. / introducs e lass Eg/
\Nf(od}k(ﬂz Yo convex sumo (jd}]f_ meaf Jlbng

F@)= doy(1+ & >(w sy T e Repd

(]




- womn L
@ﬂ ;@T;: N A=t K%g{-,)&

A \
N An BRM bk | (e g 20
- A avex th\wimbbn ’;aem !

it ho need caocu

Take Hus ERM faslc as stondimgy po
shodrashic model jfor‘ (X/ )’> cThe modem aﬂoroqcﬂ\

YL _ BIAS -VARIANCE TRADE -OFF.

ﬂ& 90119 OA) ‘(’Pf@. F’E(L’-\C)ﬁo“' Fn)o\cm i€ Jvo &e\ao\—/msw.d‘
a,%ﬁnm jfn EFR lbased on o /Qﬂofrwv?a Samflﬁ fn) whow.
exces risk 2(5,‘): K(:FrA _ K’k’ enodng smaQQ(uﬂeA

\r\i%\/\ Fro\oa\o&fas - As menbioned rreu\’oxuaa <see ,Fa%e_ Zé> ;
“!’e\erL s o *rmho%% behween *\'v@ OOH\?ZI')\Na {'E(m&‘ : e

z-&%immbor\ L2rior ) ande 4’3\0, aﬂ)’oxi*mai;éh ise-Ta y and. one needs

to seledh a dass c'g -Fmo,\ir)‘oq J* m%ﬂ‘a :
A cidn dass ' ieds a cmall \ Il bias
/ \ﬁ\akr Sl ‘gﬁzl iads
oXi bt « < i ‘ !
i B e
NCA sl cass T Lﬁiz‘dﬁ a Q_‘“_‘@“ h‘\‘g}\ bias

o3 malion error , bob a smadl < small varian ce

ehradion Lo
ondersyand. oo ( U‘S"? 7"2( /’"mﬂ% ‘ji

N\
Vs

x Remark . . A ol nomia\ of e
Farrjv\é:"mj Caf %jr a Sampéa CETP St2e %

d with 2ers error:
# X
/ v/

numboer % F:urami’/!"efg’

. Hovsever , n binarg_ dai&]&?caiion L s lmss]\o\e 4o show

czjree d/w[j/f/. (d&—() @

27X

<> (;ON\f\e\A:t }\a 0'(3 347

CARENY

('-6—\ 17 ‘anw /

+e\o\)c jﬂx avxa n U/ -('e\exﬂil exiss a ()O"\%%&ra:b:&w og F"m

He dass K= { X = sTobn(sin(o(x)} , X>e }
.I‘e\o} acl/dcmzs 2efo tor on {()&,‘a,),-.) (xﬂ/\én)}

ANNNT.

sk ok irrespeckialy of o Lebds
Gt Y, Hhere i an slament of

Sin @O0

dumension -

bt 4o g
I

STYCLH / r

(ass JT? c[/)LSSTCa.@ Z»S'HM&{I@V\ %@rﬁ>

én(ﬂm"\om Pre nwn\ow-ag +£n/\
af% He oom)DleX]"'\a 0)8 e
doker | o beber nolion eﬁ& wmp\ex’v}\a os A0k o§ VvC

- We moke Hhe am% loe)fwew( wﬁxoxm\ah"m 2rro- & bias

|
u V V U \} /Kzeromtu-cvxij -Iexac[as-\\}?
eler

contans on ov\efaram

dass B A we will see

2sionddiion ernor A vocanle

(m\&’}zrs 15 net a CBOOA i cedidn

)

Mo precie n Ko contendt e& rulsress"wm ndker a Suare Loss .




— Bias- Vadance. Troded® wder a0 Square losr . @ l:Hi%\n bias 2 Small var(avu.&j
We l/\aup, 4’8\& %UOW\/R% o\ecomlgoy‘)tfm: Cd\STAP/r He  dass °§ Lineasr przabCO\’OrS .
1
ESRLDNS = E (Ve (Y IX) . | ion Kundio
fn{ TF } X{ } i Othar ssE( |)(::L)
+ EX{(E,{’(;(F“(X)\X) — E(YIX) ) } non linear |
under a_ _— @ -
e \2
LT Bl a0 B0 .
_ @ - R
Remork - :(n () s a randem nekion | eren o Yixed x
: as it 15 consrucked gt vfﬂ/ and. %[\erijg Hha_ / %
raqf\clowness e;g —1(*6\& ,@ecm\mrg samP‘QL
- N . R )
LIn‘brf_cg@a_ﬂ: E#{ Q(&J} is Al(.om)})ﬂﬂl iho Tcee ferme Lmzarre%rtssiibn %+/ based on Yo QWN”‘% s‘“""f’m f‘;\
. Ey { Var (Y [X) } = iredudble error (wlqod’ r_(eaf;ﬁ;) Lineor 1’2(34’25&!0!\ %’h besed on a sewnd SMF\& Z
Unex ine Nt aver ‘otbm =
avoroge frwudu’m — SAQUARE BIAS . (onclnsion . The bnear %\3 do ot C\v\anf, mudh Fron one
The cidher e class T ; o doser on averade. S’”“fe' to anotfer (Sma“ vaci W\m) ) bk cemaim o “W&?S&
%0\,» will be to KRe of‘GWMLQ. rzoxre;ﬁ-m ‘%&f\(hm Kar o.maa %(am '{’aa oF)ﬁma;e ,F,uhdw ( \(\{?}‘ \)\‘q&)
ELYIX) — sond oximetitn error
R small Sﬁuara bias . ESrvvxll bias % HT%L‘\ vartance j
. I = dfierence behoeon Ko aver edihion and Consider Hhe class lynomials of ocder 100 .
“t i
o l:mhu&a/\ dockion ,S;r one Qeammia Samlolf— mo})rt&ﬁm %\' Vi es © (Yl )(_)L)
-~ VAK\P(NJ mod :ronawz&‘e&mir% / o }
The ridec e class ,37/ .y %}(‘W\U‘ awcua o SW“P\L “ o E {g ( )%
Fa»h:mﬁa,\ chj.f,&‘hk oJaQQ BL o H\g aw,-n% o@\ I X
Pfrzﬁkfdibw/ sne ol dune. ’\\'SL{g 4o He :%COS;JW
MW\ Aakzgk —o /&uﬁc z&ﬁmilbh oy - OY
X' %!\%ﬁ Vaﬂ'am&_ — 5>




M og e bias- vadance ahcavx,)oaﬁtbn-
o Firdk, e shew ot o Pived predicher ( ot
cmswL(/uc)er %Dm Jr&a%;w\vs% [ o F\/\mc jﬁ
R(LY = By {Var (Y DO | 4 E, 1 L0 fE(\/\'x))z}
Trdeed )
R(§)=E (Y= £00)
SE (Y- r0 e () - £00)°
with () = E(YIX)
_E(Y-r00) + E (£x) -7 00)°
e 2 E{(Y-r00 )10 —r 00)]
e T ]
+his term vanishes sinee -
= E)({(goq_r(xﬂ Ek\/’r(x))\ﬂ}
o
. {UL aﬂo{&? ‘w\& F(ewous iXP'LSSTOn on j(ﬁ m)fvud’tok %mr\
P ,Qwv’vwv:% jaw\{jjle ) OOV‘OLthman?% on ,@\ where aﬂ)‘o})ﬂm&:
L NI Aty

Qnﬂ\ﬁ% zxiiic',a/tm A (zsj)ec* +o y{\ o oot ades vyaeus-

EX {!2(% } - Ey {Va/\ (Y|X)jr + Ex,fn [(.@\(X)—roq )zj

We fuva owr ention bo Hus wlfirm)
and. o duce. artiefion s

/%qutbn ‘%{ ﬁ(x)wl%}-_, £, 0

N ean Fm;udw

> €, {(f00 00
- By {600 - £+ £,00-r00 )7

- By, L0600 -G oo )2?
+ By e { (£a 0O =7 00 }

+ 2 x Coss TWOLLLUE :
il
O/ Same. eaSon as B@.ﬁoﬂi

CD‘o,o &defdy}\% w}}@\ ru])z& o 0{‘0 sSwee koAt jcm and
are constant win er)xc)r o i, ®"

Rfimark', malfiz\a ase ag e notkion :F"‘ (X):= Ea@‘.{}h(X) \X}
inloduced in Hhe liioog, , and reca@éu\? Hoak /6((3,17(): ((3'3[)
e Bias-varance de éom’xmbow oy be rewdilten
E, {RUD} - B L 10] + B {£(£,0,r00)]

wreduchle ooy bias +erm

R ' E’("‘)wj ﬁ*?: )]

Based. o~ Hus oLasermlIOn) e bias- vaaance oe&(/m]ao\:\bbm
wnder a sﬂma Hoss can b %ZWVQQQA o 4o (,D,;fb(\»bg‘
B\Mﬂé c\a&s'\%?cuhm under a O-1 Loss . (dred we woed TS =
N Lﬁ:)(z SSion og fe o]:r\\\rv\oLQ dassi%?er j cal b ¥
N oh%\\]bfor\ of te  main preddictor {n (X)),
and \Nora ;%r A iﬂmaﬁﬁtbn Noise + Bias + Vadance )
where He Bias deem is related 4o {l( fm/ ¥ )’UJP‘OXC /po,‘

2
J




i« He o) logs v\chbv\) and e Varance Jecon s @
Q)(P’ﬁSS&J\ i Ferns og Aot CFa) fon ) o F Awinc o
ok i a d.uav\fwnjﬁm ,,u\rsk) ded woe rc%ar“'gimadﬂr‘}b
[P. Dominges (20oc). A (nified Bins- Variane Decomporbion
j(or Zero -One and Sa'uare Coss ] ,@,%AB\« detaita .

RemarK: Esﬁmg:hn& E {ﬂ({ )} n p’aé"\?ﬁ_ in e context iERM
.—h& Zm?ﬂ(a.Q mMing pizer :F (s mu,ﬂ,\ '(’ad:t R (:g \ < (‘F)
for oy JEF, whire R -+ ZQ(YLMC(XJB
denctes e m?m& risk (mg zg)

. Ia F(ac/\‘\cc& S\Mmg , we ‘kgP?aVerK bseae one- Sam’a& oﬁ.,
o we can mq'a W’Pe /%r an asbumalce 05 R(J(n)) Wshead cop,
B (R

» A m‘\‘\,\ra\‘ (avxo\ﬁ&ake/ is ﬁn(j[l\\ ; e *&L SLL‘\) Lnyw2s '\'e\ai‘
Jor o Joved pectickor JETF, Ra(f) 55 R ) as oo
. HOWQJM/ os ‘W\i (omlo‘e X1 65 ‘R\e dass Jf— Wnereased , «6(/\/\
zx?ac)r s (JE) fo decreme , do {0 are more amA

JE¥
Mo Pﬁeme/\k w U\e wa\ mfroo\uce e o\a)zx

T ﬁﬂ(}ﬂ} = ,,Lko\ the TRAINMIN G ERROR

\\(,om’),e\(\‘% "o K

(Whak wreng \S%M.}g{w\(@{aﬁ de\/\cream

ﬁ“(&h s not rfz,f)r;zSeAa)lVa am,émm o§ R(:j:) S\(\k¢{

s Aroined on S “fewo b‘?it:{"\a OoaoA fer/%rvv\a.mﬁ on X a&&\
(J::el V\,o'\‘ a.’\"'za, o zKoo

arz OVERFITTING . The })(wuo\vr ,G\ funeg A—saQﬁ 4o Hee-
notse FVESEV\)Y " ‘}e\z e)o.:\ﬁ
— The leamun :aw\f!e, is uSed fwice ,}::' ehmakion and evaluatio

(F He 12/‘ monce -
Yo ane given an addiioal u\;de,fxmw TEST SAMPLE
{ Gt Yon ) - - o) aren, ‘a“’"“) §, e
Ra(f) 1= 55 2 2t Julxed)
i« :Xooo\ 2shmado- bg R({n\ , Shee ’ém (7&) — R(Jw/

als M —=H0

@ on a MNw jam TN

R (), oka

S TEST ERROR

‘J{ IS r\&(r)f\
_ev\ou\n wol,om‘\‘

Q_‘W\i i (mah»:é Jeis ho L@w
awd'ev\\v + \f\ Y S@‘ed-zot twode)'l :F Anej
& e . As %,e-f\eﬁ&b‘l@ wv,QQ/

ct‘i’&ﬂ’ sample s )\.o’\' M%QO_ Hen SF(,QL f Hwo (/G*—
l’al Y\MOCLILQ Onm \fS(" MWML ik Feg%rrwmce or\A\’e\L Secon&s
or use CRoSS- VAu:DA’woN‘

s ’




Ly The oF‘Hm\'sm o Hhe Araining enor 20 (J[n) is due
4 Hhe Kou} Hok we are u.xw?a the sarn/oie frice : /FFZSﬁ}r\ajlbn
2 wadmation . Tn ofher worplr/ +He rcsloonsz, vauableo
\\’,/,,/ Yo are wed Ao Aran e model ; and to tert Hhe
F(%ofmame_ actunany . Thic Oft}nﬂsm can be Yurter inderstood
"ig e Compars. R (]C“B wiln Hbe Hheoetricat Iﬂ2A7€Ymouy\c9_
cé jfﬂ when Obener% newy samdolel Yi‘ 1) N amouited
wih Yo same XI,~ ) X Forma“%/ we nhoduce

Ly = {(’1‘\'1 \/I(u)/ -

The in‘:»* vorio(xuu X)) Xn are
Rept fixed ( = onditioned on ).
ot X |
The On% sovrce oé’ vac' aL;.m\a w &,
tomes %bm Yoo response. Vaciables
Yn

) (D‘i‘h’ Yo )} = nQearrWria SL:LMPIC-

e
vty

To this m+ahm} oo *‘(Mﬂuﬁa 2rse S
l/Q\ﬂ(JC,\):: H\ _% (Y, 3f,\(x,;)ﬁ (1)
. ~ /t :S:"‘ omsf\\(ud‘ei ﬁ’@m ofr\f.
We Oomfcu'?/ He Jvmhwiza eror ity e M»Samr\e. " erer -
— ) -, )
Rn(fﬂ);:_‘j‘_Tg‘_ EYJ’{’Q(YC/:E“(XL)) l o(pﬂ}_/ (2

whece. YL-I 2V, are iid R\/s} ond. EYL" -7 denotes
e expecation under Ho distvibution %) Y. En(j(;‘)ﬂte%
ovduakes e Aue Fa'%rmance, f fo for fhe inpt
i:o?n}\s Xy -y Koo (e @%}a He OP’UL}v\ISm o

hesiwirey aror o be Hhe Arers RaCf) = Ra(fe) bebvens

'R&SQ Awo C{\k&nkk&& . The a e orﬁ?h(‘sm s e @
va/Q)Uuz 0% En ({n) — ﬁn(jt,ﬂ mn(mj‘&al over {&Q,

diste: oo a'g Hhe &\”duwv\\a Samf)’ﬁ., (‘Qe,e.’:w?ca Xy, 2N

%Xzi) .

‘ofs& o= Ef,,{ Rp (£ - R, (\m} .

K We derive cmo-w\er o.xfnzs:‘\m ja;r OF‘}' wn Hhe
case o Square toss « To do s0, we abibrecall
nhodme E Yo /E YCI ond PE{%'“ (u)ll nyide

o guares in 1) and @), and ax d fhe
km:j P

) 2
) ﬁ"(’fﬂ :nL ?—:.(Y“ -EYXC+ EYC -E L0 +ER0) - [(w)
:-l-{‘é (Yg—EY;)Z
N[zt a )
+ Z (EYo- ER0D)
. “_\2 (B fu0) —fu(xD )’

+ 2»_% (C-EXNEY - ES0wW)

+\1_iZ (N -EYC) (BL G0 —TL‘.,(;(;)BN

425 (BX- £ £ GO (E 06 §00)

Takng Efﬂ%--‘s (

, . i N
EL RG] SRR A
+ 5. Var:fn(u)

{=\

-2 & el £t |

—

(\—Eém ¢ | vanish )




Ro(f) = ?\Lf‘. EYL-'{(\E";EYL',* EY/ - E00) +EL,00) -Jf_n’(w)1
n ]aé
I 1y\?
:%{FZ . (Y -EY)

+ jé- ,EY.' ( EYC’ B [Eotn (e )2
* %’ EYJ% B0l —fn 6D )L,X"g
n
+22E, (Y -EY)EY -E £ 00)
+zé EYJ{( Y -E v’ ) (E £,00) —jgﬂba){,;(;}

c22 € { (EY-Ef, (60,000 14}

aKin
Eﬁ?' ) Q

E, { R} = T 2NN+ 2 (EY-E £, 00 )

A
+ .2 Varjf,.(%d + © }
- (a“ oress Frao\u,d’ + £rms
Vo Sh 3

> We dbbuin | Opt = 2 S (Y, £ .

h 1=

The harder we Y e do.‘le/
fre laAzaer :)Cﬂ(x,i) corelates ool
Y‘, s mcrea,Sw\\a our oPHm\Svy\.
2 You wrrect Hhe Svnwag ecor b%) oo\d.wg il Of\\\m‘:m J and.
m?ot\:rz)-"ﬁe adyusted {YX?N\\% erer -,
ﬁn(%ﬂ + -rz“— _‘%.\ losr (e, :{:n(XL)\) - We disanss Rus Yortber

in He dmipjrer Si:Mopel SetecnonN

b o o e S o e ()
() Restrickion on e si2e [ (/om&dex?*a of NS
&Ne«o]uu\w: i+ T\acea an upper bound  onthhe esbomadion error;
but f(ace& & Dover boond on Hhe a(ﬂ)foxwdlow\ Lo

(i) Moddd Lo ol risk Fo mdude « pera: [cest
Moa}k?rwt cuIJrf\Pmm coMféex models .Pe e%
€ wagun { Ra(f) + ()
fo € aqpn { SRR }
|

\ : ,
LRI e byl

Ex! in |\near son want o L e Hra
%‘w\a (e, d.':/‘]: i order b deureane the overll

/
raciance : Laaur io\m)&o«\ . j[br g(’l) = Fo4—F>,x‘ -3 Fdﬁlo(,
hke;r C f) = ‘%\ P‘ (no&bg (ecdress.on>
< Some‘l'e\.:u\% J.ISQ
@) IQ fae cay F i ihz{@ a (at oest coortable ) union
wg classes J’T, ) E/ Sy ‘::?( incremsw% mpleyig}%\eglfk /
Se\ujr j[ﬂ 63(7— YSVLJA ‘H)mt
fo € wgun { Ra(P)+ CCP) } ,
&6 U ¥,
where He pe C(,D ds ool o ot TG, Y
Freo\xo\wjf befxmba o (AVWL not-on ,)C qlrxceg) ,’_‘:(,L\quw/.) go/
seledd cif) ndude STRUCTURAL RISK  MINIMI2 ANoV (SﬂM)t
SRM addresses Heo Frolafem oj model  seloction -




