MS = DENSITY ESTIMATION

I.PREUMINARIES

lek X\,»»-/ X tid ~ PX ) alos

wilfn donshy - f RS> [0, 4w ) .

‘VBéBuwﬁ) P(BY= ([ bodx
B

ConB i ous RVs "

—}:‘r\e %oue OS olensﬂ-\(,) ,es%mah‘on is b Fow% o %,w\chor\

LR 5 To,m0) based o Kio) X Bk 1 @ goed”

aﬂyox(rmho«\ \*o e uv\\(no/w\ 3()( /

« Can be measured \o&%i)';"e\er one_ o& Ere ,Souowy\;\? =
(1) MSE of & fo.XLw-Qar int xoé\?d : §
MSE ( /g\“ ; 'X—o) = E{ ( jfn(xc)"ofx(lo)) }

Vo« (M\SE)

(@) Mean Toteqruted Squaced E
MISE (’g\,\) = fAMSE(;(\“i x) dx

) KL o\L\fera&ance. KL(?V\ \ J[‘x)

L1 g R -

« Echimation Shateqy = Leb K R 5 R be o Sunckiion

((o.\\epL o KERNEL ) 5%5’%'5\’;\3 &\a %}\‘OL»UW\% Frore(bled
@) KOO =0 o W=

@) K=o
@) . KO dx = 14 Con be wealeenzd_
R

. Tor £ 0 (called e BRN:Dw\TH\) p FuJC ®

Ky )= e E
L“ 5 ) |

K(x) )
Kh(')‘« (h<|\ Kh()ﬂ) (h>])
‘ x x| 1 ox
-1 1 -h h -h i
AN 7

(‘-ﬂ/\& bandwidH condrols Hhe S\:reuol OS e kemel )

Defne e onvolukion Ky *f betwean Kin and any Fundlion

tF: le—a R ‘aa,
| Kx £ 60 = [ Km0 J00 dn
‘R(t
T i o well known skl ak ig er LP (j (((x)\Pd1<oo)
A 3

(i\<\a< '\‘oo\)/av\dh .g Ksahs%es tonditions @),(a)“zz (i)
mentioned doove | Fren K\n*f — { [P,a,t h-o0;
I o

Jﬂ ‘ K"‘*lc(x) -7((%) \Pdl —» O , as h-o .

md

Tn oJrB\erwad-slﬂ(o.f h senadl ev\ou%Q,\, \Kh ¥_7f ~ f.

Ke\a' Foio%‘ i non Faram.d‘(fc_ A;u\.\}*\a,
estimadion . Taderd | \g, szf)(x raFreJerd'
He a\ws;ka 05 Xy --) Xa, Hhen

I@%ﬂhﬁ:f&va)&hﬁh&:E{KythY}; Yorclh B




Given Xy -y X, Hoe lost willon epecation oy be ©
qf?roXimaJ:uL '0\8' e emfiri cal mean

eadn dosevvation and sum Jhe
f{Sg,Le,t: ,”

Note ok conditions (1) and (i) enpure Rk owr estimake.
;l"(g‘ K- XD 5 o &nsiba ( 20 and in{‘éﬂy’o&u o |> .
(ordision (&) can be weakened so et re S*ﬁ’:"" 0% K

s unnite (2.3. fake KO = N (o, W*) i

A o
gn(x,‘) = S Knlx- M )

s|—
n

2
Tt ¥

obsevvaliong
thﬁt - N )

x Remark: In%Quev\ce og L .

h A small 5 e CNWMKJ\

1S m-u,l aX mc,o/\ 2¢ on %}M
doservalions — rou%(/\ ,eﬁkiv\atﬁ:[%}n»

\\‘e\ _Pﬂ_r%a i —

2adr Foservalion has an  increased um ack on Yoo

- i
a\ruvo&/v‘\ﬂb ’/\.(wew Xw velres o-g x S’ex 9(0!»‘\ & — sowco¥h
esvake. 5,\_

:FXOO ~ K, % { () = ‘;)-I— ;;Z‘ K Gc = XC) _S_I.Lﬁ E{K(?L—X) }
1\ 1\ NP
| |
h emall n large 3
U“"-’%"\ wov%&\ > Place o keme?

%,\v\ 15 VN avound

£ RQqu,Lres @ S‘QK‘LFLO'%, i% ne wanks o avad overunder Sw»oo“&u&a. |

T _ KERNEL DenSiTY ESTIMATION

T 1. Potwise kernel zstimalion in dimension 1.

Th this Sukl;\w\/ we 8{)( X € R , and we want toe estimake.
;X(XO) - We A@mok&

o ~ | n x - X

Ignb%)— e ;% K( h ) !

where Kis a kuneQ nidon with Prore(b:u Preogm e Lour .
x Bias - vaviance clecompos]bion ef( MSE ( ;En} "o)
N T
MSE ( :F“ J xo)

[l

E{< /:in(x") —J(X(vu) )z}
E{(f.e) - E fux)
+ E an CAR J(x(u))z}

- E{(Qcm ~e L)Y
P

i}

A 2 \
::g‘:(xo) o B (E j(n (1) — 'fx (xo))
= Varjance oS, 5,\
olvated of % +2.(E;C\n () __][x (%))
- B0 « EL(J, 00 - Ef )]
:Séji\am'd lDiaS "
f fo ot %o T
MSE (f, % ) = by 0e) + w7 0e)

We ana%&%a fwe terms .Se_fafaﬁ\'eﬁua )




(’D AY\(L&X)\A o’€ ke\@ vaviane. Ee/rm Ti (X,o) .

— Theorem . S'\L‘Qrg)Q, Ha\&f- Ko re 2xistks C>o suda M

Ve ER &x(x) <C <+ .

Sumy)&a in addifton Bk K: R R s chosen suda ok
sz(u)M <400 -

T2 (1) € ij KT (o) da -
nh Jg

A
(OH&L"LQV\LQ: VI we al\ow \n ‘\*o \fa.na/ w\-m\ w p ‘R/\QJ\WL
shald have g
(l) _j.im \’7 =0 (So"e\&k J(X 2 K"‘*:{X M\Ai)
N
@) Mm nh = +x (S@ Kok G“ﬂz(b)__, o \)
N

The bw\clw;&w\ SM\(L ““@V\A {0 O ok o code Sma“ef

®

@LD Ana\ysi,s e,;i Haxe, bias \iemr\ bn(lo) i
vi -

The biag teen req\urrzs a bt more work . We invodurce
l:e\e, S{olloww\a dass d} %,mrk«b!\j

~ HOLDER CLASS IH(Q,u, L)

lek ., =0 be an inte
. x€lo] , L+ o
., L>0 be o constant

The class [H (,Q/ oL, L) is #e class
such Bk

a) bhois L-times ww‘hr\uous ou_fggrembla‘la(?_ o R

IK 2'”/\ dﬂf\'\rab:u.z [ 'e\ .
{ (“g Q:O/ “’e\ex\ ‘B\(O) = 9\ )

oj ,%mcbﬁoa& f:R->IR

b) We have | W9 (x) - 9\(2)(%) | < L | x—\é\o( VX,‘aL

N We denote

Ho REGULARITY PARAMETER . vg WEM (

As F increases %{ANL.O\& n ‘H(IQ,O(’ L) are
soncolfaer and  Smoother -

We. use next e %;\loww?a well lnowa rendk:

— Lemma ( TAYLOR= LA GRAN 6E )

lek a<b and

{: [«1,'0] — R ke £ times

Then Here exists € La,b7] sk.
2-( L
:}'(B) _ s (b-a)
k=o '

/Q X
f(ta)(a) N (—’O'ZKT) 76{1)(@)-

F;=X+0‘>O , and rz%zr toras
o, L)

W\WVOUS'QI(») Oligaeree/\hhlo\& (R =) '|h¥€caM3 on [‘*,‘0]




—_ 1 heo em

let £ =20 ke an mha&ef x€[o, 1) sk. }3:1&—}&70 ,
and L70<

S,Lfrose_]( é\H«Qo(,L)
Sw')))o&e in addion Huak K: Ro R &5 chosen suda Kok

@ VYee€{o1 ., &, Ltu] J\u Kw) |dw < o0
@) f\’( u)o\u:\

@\JX Lz, ‘\’e\ﬁv\/%)r S [
Then, V%, €R = Vh>o, Vazl,

24 o
\i—l— f\ %LQ“\O( K(Vs)\ﬁtb\ .
X

) ju" Klw) dun=o©.

b, (o)) € L

E_(ffg, = We nave

b,(x) = E ? (xo) - 1( (%o )
:h—‘\:‘_" i "o”‘} (x ()
3
- e (- He
R e - e
xb\mﬁeﬁvcé

\

JK(M £x (2wl m-]gx(qp) () dax
;fmm)[\cx (tor WR) = [, (o) ] dax

&IK -0, l,fx(xo-rue\) - Ex ) <
,gélH Trwo

[balCo) | <f\»<(w>\\(,< (ot ) - L ()] A < Lhﬂu K (w)
Aun -

L\n°( Iu\"( sine_

@

Remark: The u‘;

\ngz\/

Ly (o + wh) —,(*(xﬂ & Z

we l/\cwc

(jx ( %o + Oub)

,Q|
jfor some © € [OI ‘] ( Ta.»]lor- Lok?z(anga (.chwL> .
Thes e k
b, (%) = 2 (Xo) (W) dw
bor k!
+ "‘ ks

— u)uk,(x (%0 + &w B) dux
2t

2
= —%— jK(’u)%:’f
l (\(’L\\ /Ikk (:2)(?(413 = O om (H‘)

" LJ (Mua[(x (Xoi'@—bl.\'\)—(x (xo)]w
Il

AP

b, () | < __LL ((K (w) w |\ ( xo+®uda) '(x )(’Xo)\olu
! —

< Ll&u\«\
24 o

\< l:—b__ f\%pﬁ‘"’( k('\'-) \ 0\1-* 2 lel <\
L1

per bounds on e bias 3 varan \ave owoy\‘ra
beWavioues in h . e vanance decreaxo  as N erouus

(v’ (10)—0(‘/\)> while 4o bias Mcreasts wite h

((kn(r) = 0 (WP) )




csmall b o (aLroée vasiance &> MOL{KSM/OO‘\‘&LJ\Db,

. larcaa h o larcaa bias > OWUSMO%V\«B .

In ao{*/was&%k

MSE (F %) ¢ S (Ko dw (¥ x
(Q,Xo){ th " () i

+ Ll(gglum(t((w\lw)l

(under Hhe  conditions ag Hre
Breotems on Faabz, 5 & 3}») .

sl b e W ~ 3 Mol " In

bl Q% estimake m Aﬂ&tflwx}a qc?comu idend fie
nc;ﬁ(z‘)rﬂenb)ﬁua =) Fist \ouo? is the Ao ‘ouLmP .
‘aé " missed

X OP{ima\ choice OX e bandwid#r: minimize (a5 a %—lv\(ilb\ ca{
h) He (;GL‘*»' hand - side «:S x) - We ﬁa\ﬁ% %,&cl Wk
h musk be of order O(n= 3w ), ad Hed Hhe
FLY\AUWQ MSE l‘JogOrAQ—(‘ O(/Y\\_—Z%\)/n—-)—boA
og ordkfmaef%n n' (e "Fammdv.‘c_
rke " )

“The loound bekter (ctox.r b He faAame}Y-‘c mk) @
as F> (yl)c )Zm%pr.(‘w\&more rz?ular x e b@MC() ,

‘%f xgam lﬁ, a ’\‘vvf(_Q LOI\'H(WLOQS PN (_eh){;(ag(&_
Aans we ouw:u\r\ Hfhe ke o( -4/ il o
X/ h )

bawolw(d% h: O(n"’/S') ‘

6§57 f\vemo\z eshmation in dimension |-
V)

Recall #ok e (\i\_ea;/\ ;ﬂwd '§c,uare Error (MISE) 13
Ole—%nea( aqy

MISE (£2) = [ MSE(fa ) du
iR

= | 760 dx + f by 60 d .
R R

We S‘\uola Hrese Awo terms Jif&tm} Pj»? .

X A(\m\lysis o\f the m{—e%m}zot variance term .

— (heorem SUH—’OS@. K:R—WR s osen wdh Hok
sz(ﬂo\u < 409. [hen V\/\?O/ Yoz |,

j o2 Gy € _‘-Jklmm.
R 2 nh

A
N Boundedne ¢ g@ w IS not rﬂo‘\»érv-oL here.
(wmf)arz with e Heoremn on foug,a €> .

ks e ha
ek Tcrf(xv\<*'—f”<z<u°_“)(x(“”’* (p:5)

nh* h




! Thus

We need Awo techmeal Lommas = @
jv%(x)dx < VTCTLJ(f KL(’%}AK> e (@m> BRI
s f K*(0) dv fcit\a?lg: .R.n;;ffb%"ﬁ . Hpealte
- L / <f e ds) o b £ izo “’LL!)‘:(“‘)(@ + ((&;j;)ff("ku)g—l{:u\(a—tu(b—jﬁ
_ ;‘R’ f K2 (o) dwr - -

— lemna ( Generalizsd MNKOWSK] 3
Aoy i X e ik ol Loty Lemorn Tor avva measurakle /%mcxiom }‘ RxR— R ,we have
X M\/S\.& o 19} ((%(a* \as s
7 U z
To 5\\&&43 Pre teem j b2 (O doc | we inlveduice e

- . y
NiKol 'sKi dlass o&%.m)&bns : §< § %(u,%) &u>z dx S(J( f\%(ull)\ éx) Zo‘u)

KF”L ool © 5 PE lemma A 19 4
— NiKoL'SKI CLASS IN(R, o, L) - TR S e e e Nl
A B T57/MKOJ‘ (ZOOQ) . Tealvedudiion o non- Pafa,me)mc
k. & = © e Zus it estiimaion . SFrir\aar. '
Lo € Lo, 1) wih Kk \?;:: A+ot> @
. L >o o (/or\d'aﬂb . _Mrem
The Nikel'ski class IN(L, ¢, LY s ‘*&M& oo e ack of Le £z 0 be an "“L“J”; x€lo, ) st. = Atdzo,
s h: R—= 1R sudn Hak ard. L6 .
Q) b £ Gimes ml'\vxuous\\a AxBecentiable o~ R Su_f se ok :S‘ EMN(L,«, LY
- \{’L o )39 . x (,0/\10 JA w‘ak
L) VxelR ( f[ WOy 1) = ey (W) om} < Ll Supoote in addition ok KiR =R s e A
,r\ O Viefon, ., & thal kK| du <o
Cine Re MISE s dafoned on ferms of Ehe. @) [ Wl = )
L2 norm | Nikol 'ski  class  assumes (GA) :[% ,Q>/l} ,Qor la:)/.. _/ﬂ ) j W K(u) duw =0 .
r\a\ﬁua\l% Hrok the Auudh«) :Px is smoolkn Then Vl’\70/ Yoz I, 2
Wik respect to Huis nor Z hZP< L ‘MﬁK(U.) | A
b cespe m. [Eiom < .




rfiog: We have thak ( 7) @ motkmta wse o& Bre %e,ne,ra,Q&uoL Minkow sk meq\.gqﬂauba @
b, GO ——f K(w)[ ,(X(X+ U\\Q - ,Q (x):l duw
™

b, (G dx ) dx y
l.(ﬂ,]lo,> J\R : ‘Kf% 4 9 ) d‘“)

-t 2y
("&‘) Q’“t‘) wru’uL\ - K™ " 2R
L o f(‘ A ) <§\R( f\g[@-‘)!f( i ”
\ @ Wl .. 2 2t
il , o (0= Groab) - 00 ]de | da ) du
‘0(\(7() :[ éb‘)|f( Q; (1+ \YUL(/\)clU' A . <L‘ { j ] > > >
AN |
R

9 [

KW ] = (’ RN
Since 'k'j W) = or le - - = g \uh\ r ( h(‘r/’lsd‘\l—)él du
Since f K 20 for kot («\ o ( . )‘R/

kaf/ ubfﬂg‘\{)/\«k fﬁkmm:o/wb\/\w&%@k i
MNEre. QVL - | h
K(w) (‘L_\ﬂ f ‘(\—Lr)k—‘j((k)(x_) de-du =0 y \”\(U x) i= (\—C)‘L_J[ >(x Fouh) - J((k)(x).} ﬁ_(;g‘ Lo |j>
(2-0))
j:‘at ) C’ A Flawa a Setnd {?\m& Ko aenecalined Mnkowski
So

b, () = J Klw) T ;J‘ ks \r\ [{(U(u\ml«\) ’f (x)]&ro\u maqwﬂ»ha " «f\KQ fww By é)s> " ()5\/ e 7_
R f”mw,x)acyl <U (Jw‘(mm) 4\;)
& SCIuari‘V\g R lwﬁcb,rahh% wi UZJFQO\' fo % R R
( [ ( f ey L o unde) - f“’(wfm..;g%)
- °( (u_h)Q [ (2( L) - (x) d R IR %
J\on x) dat :J( J Klw) Y f (lxr\ g Wt T I; J &)
R ° ')“”> . [ [ AT P OV )
| f : (o ([Hemo-floT )y
%,

"?,

© T -
= %(u’x)

Lleuh | € Llukl®
snee fEIN(R, &, L)




We DXJC ) |
J&< j \A(U/x)éa'> dx < ( J (Fﬂe—‘ L ju \A\°( do >L
\

(o}

(o]

/2 lqu [ulzx ( fl("ﬂk—\&yy

]

LZ H«u\u l

,Q_Z
lemwxg%u 2Xpression back tnto /L,\L(%) dx g

, ( 2
5%:(7@ dx < 4( IKlw | \u\n\e L Ih ur _ du
& CEN £

- < J\R \WFK(M\ h“"( ZLT &&y

P&LH’\(\% -\—erms Rla.o,wxu) e Jo\'o.»r\ ZF’ F
i = N ku)\éw)
mse(F) < = (b + b (&

Fbr/t olus'iﬁa 3)( & keme K Mkis%ﬁﬁa ¥ condulion
t% He Heorens r\o and 12 -

— Co\«r\fora wi 1 )Qx‘yl&sim on \DMXL s .

= th‘ma\ ke o% W\T%Md @) ( n- f%’\‘ > 1s cblauned
,}o( W= O( n- Zﬁ\) y a’uﬁ’aé %crwxo. \)ow\‘}wfx_
case . Yaster NN L- vakes are adheved as
e reo)f»\ar] ‘8 Q)arame}ar \5 inCreades -

2

) pr< = \“F’mey | -

. Van § ;C\n(x)} = \/a,u{ Ki, (1—)()}

e Remack = The MSE/MISE can be cobolled undar
oter assvaVmS Han Hhe ones inboduced /YL\/[WJ&}.

For £><amf)|e y w\'ﬁwh&ha concdituonr Hro alzwr%(i} can

Q‘DM&' L(Y): chitz - like  conditiong cg He NMikel 'ski clan

eig 5%“\:)&0\5 - To %x Tdeaq Mfpox ok

(’i){ is Awice czvxjfx'nuoos% w%qro\hakf& p et © A
R(f")i‘; j(g‘/(1)>7bdl<’fo<)- (E\\F=2ll

Tn addilion, we amume ok the kemet K mg‘m
@) 51((%) dx=1 fo(;L) drzo , ard hoo a
‘ %\nhta ,(wr{& v'\fO'M’JC'

Abo/ assume Hod He bardwi K h=h, is s Hak
W h-oe ad nh 5 e a0 n-o 1=

o fu00 = L 2 K2 ve lowe Hak
N
, pg{gc,,m} - Bk a-x0d

8}

fk(kyj((x_ S

Jf(x) 4—_2‘- lnzjg"(x) ]J,L(KB +o (hY) ,
where rl (K)::]ull((u)duj and

Ll -ul) = 0 —uh £ 4 & WY § 60 sl

-

b [Kf b - L(e{feo})




A B (R RS P ©

—a( £ 4oCv )

= 5 RO L6 + o ()

n

R0 =f K (W) dux -

nh &

M‘SE(?{\\) = l kT + —|—er r,j(b() R(,Q”) +o(‘/\‘i+ :‘l’—\'\ l

a/\ (v: 2 W l/

HW, (Aﬂ)?’ l’)(‘@ni

Fouﬁ 'S/
Bosed on AMISE (1) = R(t‘\) FL o preoRY",

n

This +€(nr\ 'S Common X (e d o oo ‘\“&Q_

we @lolake the ™ orb:nr\o&" band o dth minioni 2y Huia

R(.K) i w’QAAJ,\
and w2 h - J
fen ¥ (‘)Z(K\R(,(")n > R

we dedice ~|’e~aJc e Sml\e&’r g‘.La\e AMUE o cx\uu\\o‘a_
%(‘j;(k\ R "(k) K({n))‘/f Nty (ww il Hhe ate F-ISB

x Example - I¢ I{x ~N(0,7%)  and K:N(o,\)/ o€ ol

Hre odimal bardwidln h 106 & n'S (b siverman” ),
[or some estimater ¢ of .

ﬁs»omr‘\’o\'\"c MiSE ) o m?e,a AMISE ( ?(n) .

T.3 _Choosing [ @nstructing Hie kemed K
[/ v

The resddn obtained (F.s 2 IS) rely on e selediion
gg o \Qewm(;e ;{Lw\c'\llon K\R—> (R ch)ns p .

@ Vk=o,1, )L, Ao j\x\‘K(X)\o{x < 4o
(K] =4 @ (Koo ax =1

L( @) Ig -1 5{"’ k=)-,2, gka(x)otx:o

Av\a Frolaalo}&ta A‘L"s“‘a %,u\(hbn \/\aovixa @%&{"@&a ma-wa momenk
Sa\lﬁ%&a ?’o\)u)ﬁ.bs @) and ()

Ex:. Goussian kemel \W(x)=

| _x2

e e

. Pacabo lic \Qerne/Q, K = %(Plz)ﬂ(x(:["/ 'j)
The. C\\ke,)bior\ vt saldens s o e et ag
o %MM K Sahé%«zsvﬁa n addilion Fro;)er‘\a (cce) . This
rao\q),rd a b more worke, , and wnvelves e wse og.
ORTHO GONAL PolyNOMIALS .

/“ ué'f)[\f '&\;unci/;(‘,\ !
x let w- R — EO/ o) be o %m&cr\ Sah&w.}

|:L\l<w(x) A < +oQ .

e
[w] = Vinhzaer k> o p B

l &W(O):i

Lt L5 := {DC:R«MR \ / 00y wbO dx <xos T

VL g€ L0 ) dkne <f g%, ==J {0400 oo,
IR

i N\
(Inner rxmlu k)

whdn fs%mi)r( sihce \<J[, ‘37"" \\<- “¥“u,, l(t?j“w <+00
I \\t = Shd A = () () dx <too
fo M= <ffn <) g

nerm ) \




Examples ' g
mples (1) wb) = A (x €T, D) Examples =
Jantle =@ W) = A (x €T, D) leads 4o
i s ) s & LEGENDRE
Qt\ wlx) = e ™* PoL v nomiALS E e @
@ W)= X Lheze) T e
(M) QJ(X) = Vl—_‘x—z ﬂ(xé[-l, \j ) ‘ f\|. \rs—W\ cvlen’w’a,{xue_,
2
@) wb) = &% leads to HERM PoLY
Fck = . ' ITE P lynomlALS
ract For ama uu%\/\\’ %,\milo’\ w Scxh's%.m omdlb(ov\ EWJ/ P OO = (_‘)n ex?-[ _xz](n)
H\E(z exishs a un(o\u_.t saqwevue, { Py\} = O‘S | nom(a\S st ) _ )
nz o ) = i
PR um‘Jra"‘a ]”‘ ornial of «4%5&6 n 9 @) wbO = €Uz 0) leads fo LACUERRE POLYN .
n ;—\ n ) = * n — (V\)
Falx} = 2" 4 )“T 05 ¥ , N> and. BL(G0) = 4 > P“(x) - —:—[ [x, e x]
N Ph are orlfe\m?)or\aﬂ & VV\:#'Y\ < 'P\,,) 'P"‘>w = O . UL kel = \It-‘xl {[j_(xé [f\'\j) leads b
TCHEBY SHEV PoLy Nom)ALS
Thndeed Su‘pros-‘:\? we have constrocked B, ... Pn, 2d's . / l
OOV\S'*YUC:" Pl\h’ The dosad‘ Y XPressions are vwot  nece ssan ‘I‘&L m,os“"
We can /600‘4 %f an /QXP(L sson og Yoe %(m ()or\vev\.'&d' ones - AHe‘mWh:J / /R\Qro’ 2xists arecursive KOI"W‘QO‘ M
n Py " -
Pr\h S = ML -2 o(}h Pé_ () ) XO( _— D(&‘ R , can be wsed to COn\r.,-"’z more aﬁ%cxen{{«a e se Folxanomiocea .
~ co -
. | 1 1 J:O/"/n' fod = For an wz,lﬂ,\* %AV\(LCO\A g Salbi ~ ek
t/\’-k\ \S um{av% Fz./ Sy P‘n %\Mm A \/)U siS @3 e ,,O{ ;5} _;B\ + \6 . W%’ & ij i
0 {;y,, ir\ncml@)g OK Ae Crﬁt ”g . e U 0((6 ])a\a(\cvm& sgc‘we/wce_ €Pn E“ZO Scu\ls%\a Hhe
> ’ recuvSion:
P is mdh Pk <R Pr 72 e ; =0 ... .n.
—rr\\.\)(:,s o Ty T %’ el b Va2 P, 6O = (x= M) Py, 6O - P Pa ()
)
. m M where
< Pvm ) Pc) >w = {x / Pé‘7(~ d :Zo o(h_ < P"-/ P3.>w = 5 <1P“-\ ;Pﬁﬂ7w 'J _ I P“'\ ‘llW
¢ v‘ - s = / “ - IS
l o (J&,\_’(:c}()nw& h) °§ Ko B . P, < F , o 200 [l Pz “7;,
m —
07,y Py PP =0 and %m = Juwlwyda
M o >O (S‘L‘\L& (’,CO):\ 3 \ QX—) = X - f (U—)Ab\
wm 2 B N w
Thas  whe B = reeeid W, GO '?\
¢ <PJ~, P‘,>w Check Rok e re vk Wolds ,gw n &R, and~+e\@n£3"
\ N> 2, mekin u)tog re gau)c ok for an \ynomnial
D Pﬂh LXLSb ard 13 unl delined oven B ... Pa. ! % fjo( 6 Fo% \
GJ 3 % T I - Qo%éeodra ok most n <Q,Pd‘>w=0 Va\zn-\—l.




T\')eorem\ Lekt {P BD be 4he Sequence ag wWoooma.Q_ @
3r\omla.\S CUSO(LOJ{Z&L “"o a (,uua\r\" %.u\(kl.m oW Scutt.\%/ow\\g EWJ
Pk Polx) := o) T azo . |
I\ B, \Iw .

Then, Hhe kemel K@) := z_ P (0) Py 6) w )

g—o

Sah‘s%‘ws conditiion EK]
f(oo& = x ?(OE% (L\) . (/\)2, nee ""0 C\'\Qck ‘Rna;l' %}F \&: Oj"//Q/
Rt e, holds J lx K@) Jdx < +o0.

Sice. w m%zs [w7) f Vkzo j \xlk w(x) dx <00

\LLinem;ha,

j PGO w(x) dx < ho

vf)olxanomTa-e. P y
We cavxoufi\‘e, p
J | Ko | do = J lxk Z ‘PJ(O‘)LQ(X) | 6o () A% <o
J:O

\./—w——\—/

Fo(\anomfa,t nkian
X fPro “3

fK(x)dt = _2 L (Mf ¥y () w6 dx (L=1)
£
P, ()

= Yo (0) | YL, ) who dx + Z “(’ (0) w () dx
- 4 n Pyl

0 w———/
L J A wh) dx llP o & P(,/ Pd >
1P ) 1Pl jhe

n 0

~———

_,(_2 wxdr= 1
e\,

X ?(Oﬁ:lé (l':‘i)

L o4
B Z O(J @, (o) J PJ()L) P () wh) dx

L & K
=2221x:fi3

J P, (0 P00 w0 dx

.E'xamtle= o wk)=4A(xe 1,0 ) ( Lea()endrc Pohammia-ﬂ,axl
we have Yo 00) = V\E

kf( (O) :O

- ()

2 K(w) = (—%— = %cﬁ)ﬂ.(u(ﬂl,l]S Sabis%zs (kD) il £=2

R
For h:’} Sy &’ waike e 2 =J:2.° o(a‘ Pa()c) /%(Same_ o(:\
We ‘/\M{_
" e k R
j’ﬁ KGO dx ZJ(ZO(& Pd(1)> 2 Palo) P00 Wh)) dx
J:o N=o

¥ e \Pull
-
0
< Pt{/ Pr\ >(«J =, iO F'S 5¢ﬂ
Ry oo
_ 5 A9 yead
3:0 ,“%/“/W
e\
e o o(a« “P()‘(o) I Pé’\lw
i e -
e = \9(}(0\Q
5 oly P, = ©
S 4 \e
d(,%in'\b:eﬂ O’g - a

@




T.4. Hgher Lum;msimg (dz2) . ad VI IsI <R S\K(w\(}u\:
¥ @ ! j;Ro\ * Sl @
Hhis sectu , - ) > i
TIn this section, we r,“eﬂh% hao Hhe resnth csfablosbed o The main messane. here 15 1ok comldmma Hhe bounds o
Almuxs?o«\ [ oaemem&u to  higher dimensions (d> Z\ ck 3
) ) 7 . e ‘wxjreoﬂm*zok Sﬂuure bias and_ vari ance. p B choice Oi o
X : V4 1 d T -
=0 Ay Yv\ € IR \/\ (4 AQV\SIL(& :fx - R — ]_o/—roo\ L»ﬂ.\p(wad,w\ l’\ = O( n 2;5“*) lecxoL( ’&v Qa mean }/\'l’ETn*&aL
» The kemel dens: estumadec s SC\um—Q 2o smaller Hhan ¢ n '%&I ; ,For some C>o.
N n ) .
fo 002 =5 7 K( X XN, ko,
nh? i= h The m S g e)% dimenSion on c,muenaemf_
w&pje |K : ‘Rd‘ —_— |R . (&"’QS: /{Or %TXCOL N and F> /"W\Qu’Dre_r
(/g’f X = (7(.;,---)7-4) €\Rd p ke %x zxam’olae_ b@""u becomes ,ar%or as 4 increases.
IK (7‘-> r= K Gu)x - x K(xa) J %"f unmvariate leermel KB Remark This cesulk is o‘p‘bumcdl dn some  Sease s frere e xishs
2 Kions belonag to
In Hus (.D/\“'e)(“—/ 'R,\e bioy - van ance Aampphtm <Kl Lwlals/ el Some_ 5)( 1(94’ vbidh bre (’20’»\4\3(111 condulions \A,olﬂko ( Q""BO
Yo oulliacake Nikel'ski class , ebe ), andk K odeichs
N ¢ ! (W) du Vez! , Vh>o . _z
;“mm ’ “?‘“K% s Y7L, WO MlSE(;e\ZCn 23 >0, j%ranb&m{umkw'
‘» ths R Kgame as in danension I A
ﬁfﬁ)vure& J/ K () A < o0 ’3 05 5}(
it » o
The frwg |3” omi fted. \\:Der\s".)\a estimatilon s mere cj’ﬁ“%m wm \/\i‘be\ef diensions
2
. S N \3\:(1) de g C "‘F 1.5 Bandwdir seleckion .
\ R
N\ To eshablish Hais rzmﬂk, we need. to <, XM’ Yo Moice og Re bandwid¥a h s made boased
iolodua a oan.Ql:uoL UzrsToNn c’% Nikel ski dass , in terms ﬁ;g on an&Qar;ha ogssum‘)hm& on Ye  unknowon &V\S:ha :E:X.
M Smoowv\(’,&\ c% %\2, ‘)M do,n\fcvb]l?—.l % -w\L clnmﬁk;) 5)( ) F{)’ ixamr‘e, e AQ(;\/’QA Oon Faoéa n* -W\a o\)h‘l‘mﬂ'e gW\Aw\“e\
Tn Ta,hm&r/ “ showld \I\curctoo./\’\\mws FOMT A;tﬂ;fbab::) }ar " %wssh/\ olu\s]ha/ mbm‘m(sw\a He as m\g}g{\‘c fV\\SE/‘
\ - LA & hen £ A =
to oder L ) (mlrecb,e fu OS F> ) ds ab\\-&n h,a_ h =~ 106 O'n"“} where T 13 a 23 Phmadec
hernel K shadd ke s ook J 'us KW | <o s .
sd 55 H\e, Iaa\)ua On varance .
[si= sS4+ sa < LPJ R4 uS:u'S'x~xu¢ )




We disanss h His seckon Ao tecm baodenditn (25)
V\\.CIV-M /%' Yo USH
SQ\e(kk‘of\) M ace. LL\AT& Arv:\fer\ s Lequa OCne Oot CGrosy

Validadion (LOOCVY , and  Biased Cross Viclidadion (BCV) |

x Leave One Ouf Gross Validalion (LOOCV)
Recall ok

MISE (fn) o PE{ g (fw<u)_§x(m )'zotx} (me o)

A, A
- FE‘( gn COdxe -2 EJQH(X)(x(l)d)L
4 Jg;ooolx’

inéefewlen‘\' og h
5) m\\f\Imina £e MIRE widn rzsrec* o b s ec‘..\;\-\—""QQ"\—\ fo

A2 ./\3

Ny N
E {J [, 0d - zfjg“(x)(x(x)dx}

N \m\mwuun, stnce éefemio on {*(13 ,

A S\Ydi\“% OD{\SWS“S n o\osgruﬁ\a “Pnak‘S ore is aole to
wnshruct o c\ucmbta toocy (h) suda Rk

E{LooCv m} = E { J fibc)dx-ﬁﬁh(x)gx(x)o{z},
‘l’e\&\ Okrzam\o\e c\r\ofce %y h wuw\(l \:e.

h €

i argoum Loocy ()

h>o

- E {j ﬁi (%) dx}-ZE EJ AQ(\(x) Qx(x) obcl @
s 1

Ta\f\i(sbmf\a/ . EQ&:A(X) | X‘/.../ Xn}
J'Q“ ) dx To tastvuct an unbiased
25N oo o& Kols C[uomh\r& )
We cannct wse duXe e
Sclmfﬂe_ Sam'o\a ’}w(( :
[ e e
1 é gv\(x\. )
The reasen s tak in ands
X5 are V\—o“" in&e?e/\o\en*‘
> CU’\S‘IO‘\ef II\S{VQAA
gy g2 e X- Xy
Yo (&)= z w(Z=X)

(-)h j#¢ ,
ande f ke ,ﬁ\\\ leaue Oosevvakidn ¢ oot :

&L 2 fg“(x;) } as an urbiased ostirods- of ﬁn(’“@("’ dx

0=y

iv\Ae,PenAent :

-S(meg‘_"a"
ngert w oA
AT 2
Loocy (W) = j £,00) d — = 2 §h (XLB)

v ¥n

fhoo - (.H‘)h E: K(X__TXA) ’

€ own  Loocy (h)
W ’

Loocv

LOOCV banduifr <o lector S ’\ (an have more Han

one local mininuamn

5‘2 minus = OOMPJ{(IO\&“L& de man AM&'




x Biased Gross Validadon (BCV) @
BCV 5 based on e zxt\)reu]oﬁ og e AMISE ({; I?\j .

amise (L) = RWO h‘*]f(mmg")

nh b .‘,

A nadura | /zsb."n\od‘(r ag s +€rrn
wald be R(T1Y | whee

oo | 6 n :
(’)L): o K x - Ko )
s 2y
/ However , s estm ador k@
biased silimaka cg f{({:")
Under Somtm‘b\*eﬂf;ka condiliions on Ybe Aens]h} Jx , and under
some. ondilions on Hhe keme? K Sectt 2 Teaell (1987F)
(LCVN\NL 2 P 5\ estalol shed. “”e\ovt
p (K")
‘ R IO PRLLE TR
AT R 1
> Take RCL Y - h(;‘{) 05 an ediraty of R(f ),
F(’,ua Huis ﬁxPressTm inbo  AM) SE (}\r\)} and selech Hhe vl
“8 h»o mm;mw\aak

g Swvxmawa : h € wn BV (W)

Bcv VSo
4 N
Bev (h) := 'i(:) 4 %L\ pa (O R, St
wi Hn

B e Sy S SRS
R (g = RED - T

(oog 5 (*)

We lhave jfl/()__ ZK(X\;X&‘\ ‘
n

K(K”) n-1| u
T J(JK () £ e \"”&*5 o
J
/ z "
Exrw\ot ,J[(xfl'wu)=,g(x)— %u{ (x),‘,%_‘:_,_) jC (x)
\ S 7, ” Y
- 2 (he) 5 (x) +o(hY)
Under $re assurv\spbb'\ Kot W w web Bk K b wv\fad{%
+€AOA [/l,l:\) K(il\):o y K'(t\\;o y K&ammd‘/\\(_/
we e Weak
{u. K”((x\ JUL = S u? K"(u\\) AL =O ) fuf’\r(”(u.\dk:?_ ,

apASoo(\/ 5o ok
jK”m;(x-mfh 2000+ o), andwe qek
&K(%ﬂ)% R(K) " K(‘g”)*' O(L'\?'S. .




x(omP:u‘scv\ of hioocy and hacv

Aw it L‘LOocv and hg have a)am,ﬁuﬁc wormal (Jof;erb%.

S\'me, iool—e\ are. based o minimium

o 3 ‘j&e MISE ) we comeWZ-
+€\u\ Pw%/mam,e wi He ® oF‘tvma,Q one

M\Sz: : a/\@mv\ MiSE (5 )

av\A r239n+ as l‘bhg d&i}\( ww l"L()OL\/
’D J ,J /%( MnSE hMuSE

Under certoun mrewha condiions | ce bave
8 I/lc ( \’\Loocv o ) ___, (}{(O Loou 3

hM‘SE

(Hall 2 Macon (138Y) 5 Solt & Temel (1387) )

tfie "‘E:C‘/ .
pEC s e
( St % Terrel | (483 ) )

The caXio og Hoe asamr}o\'{g VO CUALRA %r Yo %axwﬁam
kernel s qll.ooc\// ~ 15.F.
0"

=la
2 Ex‘;gd hLOOc\/ bo be more vaciokle fan gc\’/"
sk is moe shble Han higoew
BV

Hous ever \f\Bcv is known Yo be a brased ,ea’u/vmj\‘orog s -
)
The wsual bias- variance moteggf,

Rew\ark The reldive roke og oowmamt&_ n e cvg e booduntls

eledes bo e 8 far from optimal as Hall £ Macren (1991)
chowed Heak ¥ can 4 as £a5+ as n %,

REFERENCES

e A6 TS)I‘%L\(OJ (20033 Inﬁroc{uclla« o nen- Fa.ﬂme*‘(l\c,
eshmabion . S‘)r{maer

. MP. Wand 2 Mvé.J—Onej ({QQSBA Keinel Srvwc{eumg
CL\quw\ R Hall .

P Hall 3 T S Maccon ( (983) Extent o which least - guacs
Goss Validabion Muimizea Infegmfe;( S},uarﬁ. Ecor 1N

'\‘f‘Dv\- Pﬂfame\‘('g :Dé‘;\S:kg EAtUN‘vtL(M- ’PFOLD\‘ _rkeﬂf(a Ree 4
Fields 34, p 563~ 58l

e P Hall 2 T.5£ Macwn (1491) . Lower Bounds &:«‘
BaN/(Wac,W\ Se'ectu;v\ in Deasi

gS‘hma,th . /‘D(Oba\’ﬂ'\eora_
Ret. Fields 9o, p- 43-R>

. DW. St 2 6 R Terrel (148}) Biased and Unbiased

Gross- Validabion in :Den;}}\é Eshalion . IASA ¥,
P N31- W46 .




