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K (x K (x"ﬁ) w'.J&\ K/(x,%) hieen 2 0K
\ "ﬁ \/'fx/"3 K ("6 "53 \dgl&o o kecne)

§1€«OL\

LLJ«»&

T.4. Fositive o\e_/?{n'\*e, &Mdl'of\s. @
* \

A s mmetric %MCW h: Xx X 5 R s fos Hse ée%m‘\':a.

g%raﬂtaV\?I ,)G(ama >\ ap e €K
TS;(

ama Xyy-vy Xn € Ay holds

% MNXhGe, 2y ) 2o

Ms

l \

N In other words, Hhe GRAM MATRIX
s = [\n(XL Xa )j S is suamdﬂ'c,
FOS\'{'\V‘Q _SE._’_V\_\_ (ie_ ﬁ\'\!. p! >\‘: H >\ >/O /

A=(X, -, *n ) ERS.

X &)\I\SllﬂvLZV\Le—i A Kernel s a ?os\b:\(o, cha%{nﬂ“z %,kw(b‘m
IhAtLe_A, consider o kemeQ K X« X = R y & SScunked
with o Hilbect Src\cc H, and  Hhe £20Cbud'& mo-f B XoH|

“Then
a N n ‘ _ .
.—-2\'?5 SSRNCIE TN i:f\.% N <O, @ ()0,
J Y
de 'mvt,\cn X o kernel a " .
RS2 i X (Y z N & @)y
bilinea ritw / ;‘ 2
N N 1C® \\ >0
(= "
XS\Lw\maﬁa i
His an RKRS & H has a um\O‘u.Q rz‘trc&xv‘awa’
kecnel

x, R&Froohkuma kecnel >  kermnel > Foshve D aike mx.'o'\




> Gisren an RKHS 7’(/ H detines & uni we.

re,rmd,uoivu& kernel P wbich b fosifxife, definite ;?.mot(o,q,

'}‘e\eorem Show <

Tt twns aut tod Heo overe. s alio rue ;08 He aext

G,

.—T‘/\eorem ( Moore — Arons

ia,&n)

let K: Xx X — R be a Fo‘s})&’ve c\e/%nﬂe %mchon
Then Yere exisks  a unlclue. KKHS H (sixxco_ o}
)f{maams X5 R Y wil eroducing kemet K-

NThe RKRS 2 e .

To prove e Mooce - Aro\q:aan&" 'fe\eorexn/ e FroceeA m sevend
sl'ers ,

@) F\'(_ﬂ'/ we wnstuck o mep Hilbect _Srac,c Ho .

Ho is not a Hilbecrt space |, bt is equiped with an inner
Prooluci AP T
L The stvchwe of Ho inPoms as abook whok e
clements in the ;%NLQ RKHS [ocok Like .
() Add Limit F.;n)rs-_ comjﬂet\'m °30 Ho — H
’Dz%ne A new éo\)eo\’ L loons*n»chad /%om <.,
and show ok # s an inner produck on 2L
(1) Show Bk H is Coﬂ\))‘e‘l‘& + waluabion %rdk‘na[f are
cnbvous on M

S—}et @) let K= Rsibve ‘.D‘,%aih ’ 56.m'-*‘5c ga.r\ch'm on XxX
Pot Hoi={{:X=R | ((»:i:z‘ Mkl

740 )

x¢ ) , h=2

efxo du«i»od kerne) are vnique .
The gza'tl\re_ WF 18 neo

et fa €M j Ll 22K, x)

3(-) = ‘_Z\(&K(/\ad')/
)
J%‘ some Ay, /X&- ;3

Pu.’r {:(f/ %>'Ho L=

: Does <

oLy

"% )\;Xd' K (e, %&)

o)

o 3 vz A CeXine s an nner rcztuu* on 7/&) ?
/ He /9

Fiest o{f ch/ note ok $he cia/%nib.'on of <-, > does nest
Aerencl on the re,fmsen\ab(m qe :{ and g - Tadeed , oonsider
1¥(') = ‘2. A K x)
e S
Then

S 2o

= 2’ >‘ILK('/ .x{)

% X}' S (’/ \3;) :

Z AWy K x4

|/a

g N ai ¥y K(x, W)
‘ \/:uo;( )

eond
’/ﬁ S(Z F 2 senfaliion
. i . " v o A

o %(X,L)

]

1]

:)2-\6&, ?f >\L K (.IJ/ (?l;

=fl9%)
= <8 LU
: f—x‘; 2 Ak, 9%)

i)

S

NER, xi€X |

2 ‘(&" K (e, "A;L) ;* rul";m:\' a
%4




a5 Symme,+r\/ °£ <‘/ . >7~I° ,FOUO\AH %am ‘H’AQ, 'Sa“w‘d"a- - ¥ remaans ‘{'0 S"\ou) 4%.& <{,{7_H°=0 = ,F:O @
og K.

Eilineid direct Yre defimbio | Sk el
inear) i3 o direct consegquence o e v Gon
—’og </>7;(. “ g ‘2\ Then *((x')= ?XCK(J‘-,X.(\ ,@(.bme >\\.'/J(C
> VfEH <GE s ZANKGex) 3, 5 [£0 5 <f ki 0%,
simee K is a keme\’ hence Fo:‘.hju Agﬁni‘\'ﬂ.- ( \)7 A"’%“"km °g < S R 774.
N°+¢ w add'\h'on M Vn >’ll v )\”_./ >\n, _-”’\e l’ef)roduo(,ol():% Frolper"a l
13 . 8 :
V.(,l..,,(né'Ho P F>\:<‘.Z'>\c{‘./ZJ‘>‘0-‘(d'7 (2in ‘:ar\'\wdo.r} +L\<w\3_ ((x.): K(l,%\),
Pl e Y =K(x, ¥y} = € K. ,a) , Kls, )2
A= (A Ae ) / & Ha € He Q R4 X g )
l,/ d ,‘ > o) (&F{oduuiua ‘/Lemﬂ.Q.
b= I‘()(\/’Kd(?%_‘&
Nzx“', o
5 Madvix Fis pesibive semi definite . L6l = L <L, KU, ) 7 |
equence : XA e cfu, - Schwartz ineq -
R ol e ¢ <5 [ < KG, %), KRG
Inclzeo\/ ‘b\kina n= 2, He determinant og F must /\ d =
be. nen negatiive \(({.,§.7 <£,522 31 - from @ pragezo o Kilx, %) <L, 74,
<¥‘/{‘7 <Q"/'Q”->
\

N And ir\&ud, <‘€"(>7{° =0 o g(x)=o vy .
Q77 - <KL 67 2o
> l <£|, ‘Ql >?. & % ,Q\,,Q‘ > <‘Q""Ql7 @ ‘é—r S\m\maru& E 6.”{2’\ K - Stém‘\“(ic/ Fos]{)&m, de! rite %Ar\(-h-bf\ )
% .S?m'.lw\% ,%)’ K usi Klx, ) K(xq) i dafpoe Hoo Space + %’M(’k:“
KJ (K(%,x) K (x, %) ; | 7«(0-.:{,3'.)(—;\2 \ ((.):_BZ._)\CK(.IL:)&,
we oot K(x, ‘3«\)14 K(yx) Ky, '3’) erdoned. with Yoo inner fm'h"’"

- i o {(-3'— Z%ik(-,x.‘\
Kk 9%, = i%xm&k(x“’*)' 90) = 2 V¢ KL, )




o Remark: Evaluotin nclionods ae conbnuous on Ho .

Toke {/% € Ho .

Then Ve € X, J{(x);<(/ K, x)y
4(x) =<q K(, 07 =
=)lg—x,€—gn%l = (<€—%/ K(¢11)>H"

< [KG) £-9l4 /@

5 The %Am(,b.br\a,o Sy i abauous on Ho 5%:’ A x eX . @

=5
g

(—7 Next &n\‘g(a"e, Ho it all i Lt f:oin'h y
LQA’ {{(\‘]’ kma Cﬂwkbea Seal\xavxcc. " (’Ho}</—77{°)_

Since
U{n(*)'{m(") e (\,(;,\- Q‘V‘ “7{0 K(x/x) /
N/

o
we andude Bk the sequence {Loof s = Camﬁ«»&
sequence w R ay\cl"rewz%z Kok & Convemyes
> A i A He Lanios ok are fo‘uﬁwisc Lot
05 Couxc&a Seciwe,,w n Ho -
— e\ s 21’/\[0.(8_‘23 5‘»@ H
o " emains' b deline an inner podudt on H, show
$oke H is Comfld-e,

_e,\raﬂvmb.@!\ . R we covxf{e:’-e,
He f«mﬁ , e Illu&\‘rc\)rc what 2lements 03’ H, Look ke

/Q), Somne sfzc:%c choices og K.

/%r Pizs wner podud  and el e
I y
s ombi\ucus o 7{ .

@)

) EX OJY\P{&S/ J)Iq,reglm

Bh Focaily
K(X,3):<X,y>=x,y‘+«4 Xdyd )
=(x - xa)Cy, - ¥d)
= 2 (x) §u33
{EE(I) = (2, ) = glo:bre mu’o :Iclen‘h"*“a_
7{ = md\ = tuce SFa_C,Q
\ et e KKHS/ nor the pre - RKHS |

The = Hl\ber* S‘)lce, 7{0 asaou.‘a,\'ecl ou.({’e\ K ‘r\as
element og‘jre\& %—’Xﬂf‘ ff(-):‘ié X;K(.}%{B/
,%rnzllx(Soma >\';"/>\n€Rd

XQI,/ X élR
TThos

ooy = X Kle,m) e d A K (%, Xn)

%
XN, x5%, 44 An X Xn

= X_k< >\!X\ + - % >\nxn3
S
[ {,\
CR
V4 L'\% J(* S QL'\‘U 7>/
= xk

= linear %mcb‘on of(‘ x -

“The _Hibet spuce Ho contrins Linear %\ijld‘sofc
x< Tav«l p a)j:;} Hie n.g"er oomf\Ctb'\} He RKHS
CO(\“D.U\S os well Lunear nclions c'i 2 )

%\Tﬁ\erz 5w s»k\umhaﬁ %o,[y\ n LA..SVV\\B e
kerne) Klx,9) = <x, 47




@ . X= R

K(x, y)= <x vy

(o 2 Yo% Dy, Yo 2 XY Y Yy -
lﬁ/kgéﬂor Then

AT TS

w2 i
Nej-o, K € R
Xl, ] XV\ éX

jf(%)

1]

2
MK R, K7 414 >\,\<><,x.,,72

SRR | >n Xv\z\]

il
X
~
—
>
>
+

+2X,X1|_ >\‘KHXI2.+"+ >\nxn|xn7_‘-]
z 2
j[(x)zax, + by, + ¢ x, %,

= \W\ZCU’ Lorf\‘olr\o&hon o? mpnomwdé <£ 0“01@‘ FA

Frg H ;-Lze(‘\' SFC(UL

K defines
+ hd*\h\'o&“ a SFace_
Kgrm\ K g %Aﬂih()l\s o

corfain linear comb kst

OK G lotrzef (o“e(t(m c£ i‘ea}\u’es )
M*Dma’(\(au(a, Ser\erod'ecl

om e Kemel. i
4E loo\( a é,u;xnr n 48\&&
YWour %\rf\ad/\mz ieamm fzuk%r

@W

e ou e

w) . X =R
K(x,ué) - QX(J (__ _‘_Zﬁx -7)7'> = Gaussian kemel
£,60
fo

}3 ) :

l,

il

K(x,0)= ¢ /Z‘Teﬂ

"(Xl) /ZV" 67’(.

\

K(x, 1) =

K (x/o) + %' K(x,1) €H

SR,

M = &)Mr,Q‘hOﬂ
6o See Aﬂ;enclix
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IL . CONSTRUCTIN & KERNELS j

Standard alibns can be wsed o ale;/%‘na new lkemeby.
Gyiven iﬂ&m&k K, and K, ,‘W\& /F”omxﬁa /%MJIQ\S K are alse

kerne ls
) K(x,ﬁ) il K.(x,?) , c»o
Since ¥, it a ‘Aerne\/ Here oxists o %oc\w:_ mop &
ond o Hilberk S}w_-_ H sk, K,(xﬁa): <E, Tly7y, -
I cKiln,9) = NcBO J?E(?)?_H
3 cK,is also o leecnal.

) K(x/‘a) = /Q(X) K|(1,~33((t33 p ,(\: anye,mcb'on.
Sim}larlxaj ,((x) H.('K,”a) {(?3 = ¢ {(l)ﬁ(x)) Q(‘ﬁ)m‘a)%
() K(x,ub) = K\(x,la)+ Kz(x,\a)
aans'\der ‘RJ— G1ram M&'\V;(&o E‘ 2 \SL aSSou:d:"ld (.)\'RA
e lernels K, 2 K, :
Ky & ¥y are ros'\'huo_ semi-ale.%n}-\‘o_ = )x’c \5, X Yo
) oy K. 30
Ths XK X = NKXA+XN KA 20
N Grom madix o ssodated with K.
@) K(”z‘a) = K\(x/‘a) K, (X/ta\) [W Froolud‘ ]
e ensider e Gram Madvices ug K} K,, Ko /AandhA
K= (Kg) ) Ki= (R, Kes (Ke), mepectivelly
Ten Ky = K KD

} Y
We show ‘{’eok E \:.,S PS-I'HUC. semi- Ae?.n(‘l’e. To d» b/

e show 'Rv\' L( is ke ovasiance wo¥ix '& Sone random

vector .
let W~ N'(o, Wz (U ) @

K ) oan )
=\ ) ¥ n :
V~or(o, K, ) vz(v,,../vﬂ)t ?mép’r
| r)& W:= (U.V|,--, u,.\/,,\z(w,,../ Wa)
Then . EW =0  since TE(UQVL‘) = EU EY, =0
i&wnf.e_
. Z, = Elwwr),
where (E,): = E(Uiw))
booE(wewe ur vy
- E(ucuy) B0V
a) )

= K¢j Kc}

=) Z_u = 5_

@ Kb = q(Kite) |, q= plysomd wib 2o ooaﬁ
From (W) we sea thek any power °8 K, o kernel
(ke K, = K2 o K lrg) & a nel , etc) .
Combired. cortn (1) + (i) ves re caslh .

@ Kbygd= Jle(K.(x,%))
.
K(u,%\,Lf_ . (K, (4y)

o
= Polammh\ et Fo.s; Ve we@(ulen“}s .
('In 20\()" one con show -\-?,ok]g ?_ an X" is e el
‘ 7,0
series anth vaduus 0‘5 U:I\\/Qr%evm.e e, and an 20 y and

13 K is o lernel ’(akiwé values in (-2 e 3 Hhen
/
S a, K" is also a leernel >

A2 D




TV _ MERCER REPRESENTATION

Lek e X: COVY\PCLC,'\‘ medvic sFace.
g K = continuous and swvmdr.k %An(kﬁon Xx¥X >R

Then K admils a mi%rmﬁa cpnuuraen+ zxiams‘.on ooP e ;%(m
K(11‘33 = Xj Wi Yy lca) Wk Xy>o

PEd

}@‘ 4 Squace }n{'@(ymlo\e. Lin Jfé £, (X)), e Pollocowm
wondilion holds geﬂ {fo jr

Ko ) SO0 f(u)dxdy >
ISSXxx %7( 7[‘?{ e

eko mercer's condmMonS

/

«Remarks @ Lok KoGyq) i= 20N WyGo) Wy (y)
B 0=’

Uni%)rm tonvemence c’cf Ko Aowerds K means thok

Su l Kn(fpar)‘K(X,\a)‘ S0 as n-o 9.

(xy
EXxX

@) Considec the mhzbw!l operdor Tic - £, (X) = &£, (X)
(T £) 0 = J K Oog) £l dy

é—) Note ok ]g (j‘K(K,\&)\z &\(Ay <, -}‘e\a,m indee A
Tk Q €L, (X):

jiﬁkg)(l) \Zo\x 1'—(({\’(()97)%(7)&7 )L(JX
< j( ‘(AKK'(X,%)\ZA\/XJ IQ(\&)\ZA-&) dx
NG, [ tpyy Tdxay

Then me can shos Hod e Loncbions Lf/& ().ﬂ)zafw?(a in
*&La&xfavmm K OO(I‘QSfOﬂA fo e eiaen Axons amodated
o e OFPRJW T , and Hak {L()J‘ } ae ottionamad un

A, ) s fq)(()c)‘ﬂ}‘(x) dx = { |l o=y

O ofw .
C‘a&%\aen{s >\‘)' 7O ar 4’&.@ adoicte d u?emm&\%.
More aenera "La” we con rtider o measure spa.ce.

(X,rﬂ/ so Tk j%(x)q)& (‘?f\)f’(A’d: (l'\é “‘:J"

{ D ofw

Here , we talke P = bz.buas.m meapure .

Qh) _th S‘Zﬂuge,vxge, { \YKJ Wa(x) }(;7/' s Sc‘m’a './\*’E%’(DL\@,
(W\G SF’*U’— °X Sclucva ‘y&uﬁmdole. Sequence i dencted «(Z(IN) )1

Sine 2 2
S (O %a)) = & >y = Kixx) <o
ey !

We can 205]% exhact a gw,tuz rap and a fm‘fl«t LFCL(P- ﬁ*om
W\er(,e,r'i rzfrcsenhbion p
k N
) = (- INHo - ) 2 K= (8w, Qtu%m)
whee <. j " >Q o denotes Hhe ner Propba-d" on fhe
Hillert Sprce L, (INY: x¥yD = n;— XaYa , Oshere
X:{Xn&y\;\ AR S {)@\S’,\,/‘ € }L(/N) .
@) The sedes 2 G WG mmemer absoludely Vx€X
= ‘ ) :
shenpves Tt sequence- {C& /0\‘53 5 squase \nhTub\e, -
Ziguol (2 (&) (2 ))"
el i
- 3G /‘5—3 H&(W) K(x,x) . ("]




,_n"eof‘e,m = (,E/{' . X =

oom)oauL metric space @

. K Xx X = R o cottinuovs bemel .

N

H:= ( )= SN L S
{:}: }(x 3; éq}&(x’) ) {\]—Sf;%é/ez(”\l) }/

with innerrrodm)c

e S SR ¢y dy
<dy/| LI I 120 ¢ J>71 J; >\&.
Then H is Re RKHS associated wites K.

m&(: (Ve C‘o not froue M (-/ . 77‘(_ Aa/%\nm o.v\inv‘e,rf)(bo\ud‘)
MAM /H i an HilberF Sra.ce‘

(e S'/\M‘{'e\uk K s a\re,fracl.u()w\a bermel .

MK, ) €H sme KG,x)= 20 N0 W)

;)7/' N

L ety
z 2 .2 &
and _Z —C‘}— = MB = Z >\‘+ LPI'(X)
BUON g Ny g

= K(,x) <100

~N (1[/ K (-Ix.))H = <,\2 & %('% g/‘ N,_%_(X)%(.)Zf

2!

s g e

27! e
- 32_\ <y \-k&'(x\ = 2(13

H s & Hilbet space oj‘) %.Avu;b:oﬁs wetth rz\orod.uww% laecnel
K, » + most be eclwaﬂ. jo the RKHS X b?f un?olw

36 RKHS.

X Ren\arkz The. nner Proclu.o(’ (./ . 771 de%ined f)’ev:O\Me'? @
Cle\U.A&S ol H)/\ %\Q }nner f)rool,ud‘ <,/ 5 >7‘to dL ed on %-2..
?’L —Hilbet Sface e P Fazﬁ [9) -

lek %67'(0 : {(-):ZO(CK(.}A):‘Z. o kﬁs‘(z;)ﬁ'(-)
‘4

Then PN
Y TP, e
6= % BRSNS
A _Z( Ay %W‘?’g(%\t)?ﬁ(‘)
¢ N
*A‘
. 2 95
<¥’3>K 1z >\o;
) - . . .
- 2 (T ane)y 2% 40

- 2w (2 Ny Wy ) Wy () )
Y 4
N TN T
= K, 41
- C/?L. oAl KO, 1)
= <L, 85,




Y _ APPLICATIONS IN MACHINE LEARNIN &. @

Ta this se_ctl’or\, we Fa\/e e repr,asenf’er *ﬁ\eorem J w‘/\ioL\ shates
"’e\ou{‘ (»L\én /éOok'mta /%Jr @

S%Mdu‘on i an RICHS (posshly of e
climer\slm\ o orbcmfw_ Seme FQ,%QA‘MA cast Bunclion , it is
S&ﬁ%&aeu& to Look ;%r a solubion in o nite dimensianal

S space ej He RKHS

Lok &= 10X, )0, G, ) | be e leccning smple,
o5 H X € X p Yo € R .
k. £ - Rx R = R,y be o ﬁasxg,wm,ﬂ_

. K = o kene on X , ¥ wnocated RKHS H

(nsider e minimizalion cé He Femﬁnep( criterion
LS 00%,fX)) + Mfl,
r 1

7 X
/ Men
(bm&x\e_s aﬁi %Jr ferm . f / f@\{ﬂ:a tecon

X >o

(‘hm'm% Tamme)rer)
L) ()J\M,é_ co.'\sléenw& “5 “‘K as o ?er\o\%}kerm [4

@ Fist, note Hhak fEH implies Hhak Wl < 4o,
This o twn means Hlak jf cannct %AM (:oome\..
(rsder the Gouwssian kemel K(x/?):zxf (__ (x'j:)l )/

2¢%

X=6r3-’v\':ud' c R,

AN AA A

Wi ﬂ,_tﬂwmmt 7((,L) = Z ay D_& 4 00wt @

7!
L} €4 (N) | and 0 {1, = ;37 af
%—n\f— w‘?—g%\uev\‘k aJ‘ must be JQCW‘J' ;?az,‘i’ _enou?o\ ‘o
O wi. He \,nAe)(é L we are FQM,L zwc% %W\Jl'ms (,(d

vith o ,Q(wae mdex more .

for « Odwsxlan kerel , s Foss‘.ue 4o shao Hak

)xa' = % de
W) = exp {- Ce-adx®} iz )
e
o = bat A= a+bic
6'= 20" B:“’/A <\
¢ = \a+ 2ab
A

H(\' . &-46\ order Hermite Fo\uamomin

) = (T & ot e

x4 DH ()= 2x
L oHy () = 2(2x*1)

A

>

il ;)
2 Fundions LV&‘ wt o ﬁa«caz ndex ame mae W?ggﬂa I
= Fandions n 'W\c K\(HS camst be oo w{‘cl -»wtviwe uuan%-




(@) Second , recall ok 1Ly close do O vnpliss Hat (39
V)LGX, f(;c) is also V\ea/ue!a o .

(s the cvnbation funtiontl o cotbioons )
@) Thied for fé?(, Vx,y€X,
|3f(x)—3f(z3)l:|<3C,\<(./x)>—<3(,K(./(a)>|
= [ <, Kb m) - KE,y0 > |

Sl WKGx) - Ke, 90 Uy,
where

K (%) K, ) Il

" \/< K(. x) - KL, q) ) KG, 0= Ky Y

= \/ K(xlx.) +K(\a,&a) -2 K(x,‘a D

=- AK (1/‘3 )
This quan’d\é s 20 sine
b ecesponds to
k. $ o da ' F""
Clheck: dy is o distonce. (K(x,x) Kixy) \/ \
(1 -1\ K(X,y) Kly,y) J\-t/

2 K iy Fos] Kve dz%nu‘e

() S b,y ) 20
() S‘amme,‘hma,
@) dy (,4) 20 & x=y
@) dy (x,2) €dp vy ) A dyly, 2) .

Thos LR —FIPT € ILN,dy oy

é; }"\3 (&fsc‘/\i‘tz Wi~ r}lSj;.uZL* fo clk, w?J(L\ (A)oJchﬁL%
constank “J“’K

2 ":}“"H cn\ols e smoofRness °€ g

Theorem ( Ro, p(;e.SEo'\"'er Tf\eor&n ) @

Ld’. K = (Qerne,l XXX <= \R (,;]R}\ wnouic&mi EKHS H

. G = IR+ - R « s((]d’% muemuﬁa %An(hb"\-
=l Ry, W s % 1 ] /&amg gam/a&.
Then He sslubions fo e th?wimJqu ProHem

e

, ?@T - g\x(m{cxan SI{FMy

alt bact fhe form  f¥(0)= 2 diK (e, )

oot - Lok €
lonsider Hre Linte dimensiowl subspace spanned
the K(-,%{) , o=l . e

L A closed Subs‘:cua o'f 7’(/ dendte + M
The Hreorem og iyod“zct\.'ons in Hilbect Sf&ceo 719,\40 e ée(omf)cmtm
f = :F, + j:z p where :F‘ = U'\‘e@w rm\)z(hbﬂ cg 3( onto ™M
fo = e olhooenld compenert (€M™ )
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